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Abstract
This masters thesis aims to give a coherent review of the much discussed
Sachdev-Ye-Kitaev (SYK) models. The focus will be on detailed
calculations leading to the most important results of different types of
SYK models. These calculations are done in a way that should be
comprehensible to theoretical physics master students and starting PhD
students. After doing so we will discuss some versions of SYK chains. In
the end of this thesis we direct our attention to the conductivity through
one such chain.
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Chapter1
Introduction
The SYK model is a (1,0) dimensional quantum field theory (QFT) of real
Majorana fermions that is interesting due to being a relatively easy and
solvable example of a theory exhibiting AdS/CFT correspondence (holog-
raphy) [15],[13],[5] and its applications in the effort to theoretically model
strange metals. It turns out in the so called large N-limit the theory in the
strongly coupled deep IR flows to a nearly conformal symmetry where it
becomes possible to solve the theory. In this thesis we will start by looking
at the ”classic” Majorana SYK and introduce some of the key insights and
results. Utilizing these insights and result we will continue to direct our
attention to the more rich complex fermion SYK and some of its general-
izations. I will end my thesis by calculating the conductivity through a so
called SYK chain.
To help the reader through this exploration of SYK-like models and its
generalizations I will start by introducing some of the physics we will need
to arrive at our conclusions. We will start by describing a general method
of determining the conductivity in a QFT.
1.1 Conductivity in quantum field theories
Imagine a general gauged QFT
Z( f ields) =
∫
D( f ields)e...+Aµ J
µ
. (1.1)
Where Aµ is the gauge field/vector potential and Jµ is the source field.
As we know from classical mechanics the current is given by ~J = σ~E and
we can choose our gauge to be ~E = −∂t ~A. Translating this to quantum
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mechanics we write
σ =
δ
δ~E
〈~J(~x, t)〉 (1.2)
Fourier transforming results in
σ =
δ
δ(iω~A)
∫
D(fields)~J(~k,ω)e...+~A~J(~k
′,ω′)
=
1
iω
∫
D(fields)~J(~k,ω)~J(~k′,ω′)e...+~A~J(~k′,ω
′)
=
1
iω
〈T{~J(~k,ω)~J(~k′,ω′)}〉
(1.3)
so that
σDC = lim
ω→0
lim
k→0
1
iω
〈T{~J(~k,ω)~J(~k′,ω′)}〉. (1.4)
This result is general for QFT’s that have a symmetry resulting in a con-
served charge and accompanying current.
1.2 Fick’s law and the Einstein relation
When we have a relativistic conserved charge Jµ so that
∂µ Jµ = ∂0 J0 + ∂i Ji = 0 (1.5)
we can imagine a location with a charge overdensity. Intuitively we can
argue that this overdensity will want to spread out due to Coulomb in-
teractions between the charges. A phenomonological description of this
situation is given by
Ji = −D∂i J0 (1.6)
where D is a diffusion constant. This expression is called Fick’s law. Using
this we can write eq.(1.5) as
∂0 J0 − D∂i∂i J0 = 0 (1.7)
Fourier transforming this expression one obtains
(−iω+ Dk2)J0 = 0 (1.8)
This expression gives us the following two-point function
〈J0(−ω,−k)J0(ω, k)〉 = C
iω− Dk2 (1.9)
2
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where we still need to determine the normalization constant C. One can
however not arbitrarily redefine the normalization because J0 has the in-
herent meaning of charge density.
For local charge density one can make the chemical potential spatially de-
pendent and slowly varying so that one can think of local equilibrium
〈J0(x)〉 = 1
Z
∂µ(x)Z(β, µ(x)) = −∂µF (1.10)
since Z = e−F. Remember we are looking at overdensities so that we want
to know the deviation from the mean (the connected part of the two-point
function)
〈J0(x)J0(y)〉 = 1
Z(β, µ)
∂µ(y)∂µ(x)Z(β, µ)
= ∂µ(y)
(
1
Z(β, µ)
∂µ(x)Z(β, µ)
)
−
(
∂µ(y)Z
−1(β, µ)
) (
∂µ(x)Z(β, µ)
)
= ∂µ(y)〈J0(x)〉 −
1
Z2
(
∂µ(y)Z(β, µ)
) (
∂µ(x)Z(β, µ)
)
= ∂µ(y)〈J0(x)〉 − 〈J0(x)〉2
(1.11)
Here the first term is the connected part and the second the disconnected
part so that what we are interested in is
〈J0(x)J0(y)〉connected = ∂µ(y)〈J0(x)〉 = −∂2µF = χ0 (1.12)
Here we have used the thermodinamical identity (grand canonical ensem-
ble)−∂2µF = χ0. Fourier transforming and recalling the equilibrium nature
one can write
〈J0(ω, k)J0(ω′, k′)〉 = −χ(ω, k)(2pi)d+1δ(ω−ω′)δd(k− k′) (1.13)
where
χ0(k) = lim
ω→0
χ(ω, k) (1.14)
Omitting the delta functions that enforce energy and momentum conser-
vation we have
lim
ω→0
〈J0(ω, k)J0(ω′, k′)〉 = χ0(k) (1.15)
Taking the ω → 0 limit of eq.(1.9) we obtain C = −Dk2χ0(k) so that
〈J0(−ω,−k)J0(ω, k)〉 = Dk
2
−iω+ Dk2χ0(k) (1.16)
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From this expression one can extract the diffusion constant as follows
lim
ω→0
lim
k→0
Im
{ω
k2
〈J0(ω, k)J0(ω′, k′)〉
}
= lim
ω→0
lim
k→0
ω
2ik2
(−Dk2χ0(k)
iω− Dk2 −
−Dk2χ0(k)
−iω− Dk2
)
= lim
ω→0
lim
k→0
ω
2ik2
−Dk2χ0(k)(−2iω)
ω2 + D2k4
= lim
ω→0
2iω2Dχ0(0)
2iω2
= Dχ0(0)
(1.17)
Note that eq.(1.4) implies that
Re {σDC} = lim
ω→0
lim
k→0
1
ω
Im〈T{~J(~k,ω)~J(~k′,ω′)}〉 (1.18)
And Fourier transforming eq.(1.5) one can write
Re {σDC} = lim
ω→0
lim
k→0
ω
k2
Im〈T{J0(~k,ω)J0(~k′,ω′)}〉 (1.19)
This looks a lot like eq.(1.17) so that we can now write down the relation
between the DC conductance, diffusion constant and static susceptibility
called the Einstein relation:
Re {σDC} = Dχ0(0) (1.20)
This is all of the physics we will need that is not directly SYK related. We
are now ready to start looking at the subject of this thesis: The SYK model.
4
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The Sachdev-Ye-Kitaev (SYK)
model
As a QFT the special aspect of SYK is all-to-all random coupling. This
coupling is relevant, it has mass dimension one and grows in the IR. The
subsequent groundstate is of very novel quantum spin liquid type. A fam-
ily of such theories where we will direct our focus on is described by the
following Hamiltonian
H = iq/2 ∑
1≤i1<...<iq≤N
Ji1...iqΨi1 ...Ψiq . (2.1)
In this description N denotes the number of flavors of the Majorana fields
in the theory ∗ and q describes the number of fields participating in the in-
teractions. Note that q has to be even for H to be bosonic. For each choice
of couplings Ji1...iq one can compute the free energy F = ln(Z(J)). How-
ever, we shall be interested in the ensemble average where we average
over a Gaussian ensemble with zero mean and variance
σ =
√
(q− 1)!J
N
q−1
2
. (2.2)
This is called quenched disorder, which is formally solved using the replica
trick. In this specific case we are only interested in the replica-diagonal so-
lution (the off diagonal part is sub-leading [1, 3]) and this turns out to be
equivalent to just taking the Gaussian average 〈Z(J)〉J .
∗We restrict N to be even to makes sure that the propagator and self energy of the
theory are non-singular.
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As mentioned (see introduction) the theoretical interest and impor-
tance of the SYK model is in fact that one can solve the strongly coupled
quantum spin liquid state in the IR exactly in the limit of large N. We shall
now derive this solution using the Schwinger-Dyson exact integral equa-
tions to the two-point function.
2.1 The Schwinger-Dyson equation from pertur-
bation theory in the large N limit
The two-point function of the fermions is defined as
Gij(τ) = 〈TΨi(τ)Ψj(0)〉 = θ(τ)〈Ψi(τ)Ψj(0)〉 − θ(−τ)〈Ψj(0)Ψi(τ)〉 (2.3)
Let us briefly recall the free theory (no coupling) where H = 0. The
Heisenberg equation of motion in imaginary/Euclidean time (t = −iτ)
tells us that
∂τΨ(τ) = [H,Ψ](τ) = 0.
Using this together with the fact that ∂τθ(τ) = δ(τ) allows one to deter-
mine the free propagator G f reeij as follows
∂τG
f ree
ij (τ) = ∂τθ(τ)〈Ψi(τ)Ψj(0)〉+ θ(τ)〈∂τΨi(τ)Ψj(0)〉
− ∂τθ(−τ)〈Ψj(0)Ψi(τ)〉 − θ(−τ)〈Ψj(0)∂τΨi(τ)〉
= δ(τ)〈ΨiΨj +ΨjΨi〉
= δ(τ)〈{Ψi,Ψj}〉
Since we are dealing with Majorana fermions the anti-commutation rela-
tion reads {Ψi,Ψj} = δij, so that
∂τG
f ree
ij (τ) = δ(τ)δij. (2.4)
† Fourier transforming this expression gives us the resulting two point
function in Matsubara frequency space
G f reeij (ωn) = −
δij
iωn
. (2.5)
†In this thesis we will use the following convention for the Fourier transform:
G(ωn) =
∫
dτG(τ)eiωnτ
G(τ) =
1
β ∑{ωn}
G(ωn)e−iωnτ .
6
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From this we can determine the free propagator in terms of euclidean time
by Fourier transforming this expression
G f reeij (τ) = F [G f reeij (ωn)](τ) =
δij
2
F
[
− 2
iωn
]
(τ).
Resulting in the free fermion two-point function in Euclidean time
G f reeij (τ) =
δij
2
sgn(τ) = δijG f ree(τ). (2.6)
One can easily check this result by substituting it in to eq.(2.4). Formally
a Majorana fermion, as any real field in a QFT, is a constrained quantum
system. The constraint is the reality condition. This is easy to understand
as creation and annihilation operators are always complex. The above
computation is a shortcut, that can be shown to give the correct answer
nevertheless.
Now we will include the effect of the couplings Ji1...iq . We will start
by finding the contributing Feynmann diagrams in this instance order by
order in J. We will conclude that one can re-sum the full perturbation to an
integral Schwinger-Dyson equation for the exact two-point function. We
will look at the theory where q = 4 subsequently generalizing the result to
all even values of q.
Recall the interaction Hamiltonian
H =
N
∑
1≤i<j<k<l≤N
JijklΨiΨjΨkΨl (2.7)
with Jijkl a Gaussian random coupling for q = 4. We will average over all
possible realizations of the model.
〈Ji1 j1k1l1 Ji2 j2k2l2〉 = σ2δi1i2δj1 j2δk1k2δl1l2 =
3!J2
N3
δi1i2δj1 j2δk1k2δl1l2
i.e. this theory has a four-point interaction there. The diagram with one
vertex becomes zero after averaging all possible realizations of the model
since 〈Jijkl〉 = 0. Consequently the first diagram that contributes has 2
vertices resulting in the only possible J2 diagram that contributes to the
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average
〈
i1 k1k2
j1 j2
l1l2
i2
〉
= i1 k1k2
j1 j2
l1l2
i2
= 〈Ji1 j1k1l1 Ji2 j2k2l2〉G f reej1 j2 G
f ree
k1k2
G f reel1l2
=
3!J2
N3
δi1i2δj1 j2δk1k2δl1l2 G
f ree
j1 j2
G f reek1k2 G
f ree
l1l2
=
3!J2
N3
G f reejj G
f ree
kk G
f ree
ll δi1i2
= 3!J2(G f ree)3δi1i2
(2.8)
as in previous expressions repeated indices are summed over from 1 to N.
The dashed line in eq.(2.8) denotes the disorder paring (averaging). These
sort of Feynmann diagrams are called melonic diagrams.
At the next order J4 there are more options for disorder pairing vertices.
Doing a similar calculation as in eq.(2.8) we obtain
i1
1
3 4
2
i2
= 〈Ji1 j1k1l1 Ji2 j2k2l2〉〈Ji3 j3k3l3 Ji4 j4k4l4〉G f reej1 j2 G
f ree
k1k2
G f reel1l2 G
f ree
i1i2
G f reej3 j4 G
f ree
k3k4
G f ree31l4
=
(
3!J2
N3
)2
(G f reell )
5G f reel1l3 G
f ree
l1l3
δi1i4
= 36J4(G f ree)7δi1i2 .
Here the numbers label the vertices and the corresponding lines coming
from it are labeled i, j, k an l. In the last step we used that G f reel1l3 G
f ree
l1l3
=
N(G f ree)2 because of eq.(2.6). Another way to disorder pair vertices is
i1 i2 =
36J4
N2
(G f ree)6G f reek3k4
8
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where the vertex labels (and method) are the same as before. The reason
for doing these last two calculations is to show that in the large N limit,
when adding melons to your diagrams, the disorder pairing is done within
single melon’s. If one draws a square box around each melon in a diagram
only the diagrams where the disorder averaging line doesn’t necessarily
cross these boxes will contribute.
The consequence of this, is that the full propagator is essentially given
by iterating melons upon melons. The two-point function will have the
following iterated structure.
G = + Σ + Σ Σ + ... (2.9)
where
Σ = G
G
G
(2.10)
Here Σ is the self energy containing all the iterated melon diagrams. This
is the irreducible contribution Σ(τ, τ′) to the full two-point function. Com-
bining this gives the self consistency equations. The importance of these
two diagrammatic Schwinger-Dyson equations is that they are a closed
set of equations for G(τ, τ′) and Σ(τ, τ′). Most QFT’s do not have a set
of two-point Schwinger-Dyson equations that closes on itself, but involve
the three-point function as well. The special feature of SYK is that in the
large N limit the vertex corrections vanish. For example, one can calculate
the four-point diagram for J2
i1
j1
k1k2
l1l2
i2
j2
= 〈Ji1 j1k1l1 Ji2 j2k2l2〉G f reek1k2 G
f ree
l1l2
=
3!J2
N3
G f reekk G
f ree
ll δi1i2δj1 j2
=
3!J2
N
(
G f ree
)2
δi1i2δj1 j2 .
This vertex correction thus goes as 1/N and is thus suppressed in the large
N limit. We briefly remark that the specialness of SYK is extraordinary, in
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that one is also able to solve the perturbative series of corrections in 1/N
[12]. Although we will not discuss that further in this thesis.
Defining matrix multiplication as
AB(τ, τ′) =
∫
dτ′′A(τ, τ′′)B(τ′′, τ′), (2.11)
the Schwinger-Dyson equations in algebraic form are
G = G f ree + G f reeΣG f ree + G f reeΣG f reeΣG f ree + ...
= G f ree∑
i
(ΣG f ree)i
=
G f ree
1− ΣG f ree
= [(G f ree)−1 − Σ]−1.
Note that (G f ree(τ − τ′))−1 = δ(τ − τ′)∂τ′ this can be deduced from the
Lagrangian one can construct from the Hamiltonian given by eq.(2.7) us-
ing a simple Legendre transformation. So that
G = [∂τ − Σ]−1 (2.12)
where ∂τ is actually δ(τ − τ′)∂τ′ . The pictorial equation for Σ (eq.(2.10))
has two vertices and three propagators so that we get
Σ = J2G3. (2.13)
We shall be interested on the other hand in q 6= 4 and want to generalize
these to the more general (q is even) case. Note that the difference is in the
fact that the vertices will now get q legs and will contribute as
〈Ji1,1i1,2...i1,q Ji2,1i2,2...i2,q〉 = σ2δi1,1i2,1 ...δi1,qi2,q =
(q− 1)!J2
Nq−1
δi1,1i2,1 ...δi1,qi2,q .
Still only melonic diagrams will contribute in the large N limit. This means
that the iterative structure stays the same so that the first Schwinger-Dyson
equation remains the same. What changes is the self energy since the
amount of propagators between the vertices of the melon becomes (q− 1).
The Schwinger-Dyson equation for general (even) q are thus
G = [(∂τ − Σ]−1
Σ = J2Gq−1.
(2.14)
10
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2.2 Classical action of the theory in terms of G
and Σ in the large N limit
The Schwinger-Dyson equations can also be derived directly from the the-
ory by writing the action and writing it in terms of bilocal fields G(τ, τ′)
and Σ(τ, τ′). Amazingly, this action describes a theory that becomes clas-
sical in the large N limit and its classical equations of motion are the
Schwinger-Dyson equations. Going back to the Hamiltonian , we start by
writing the corrosponding real Grassman path integral‡ of the partition
function in the q = 4 theory and will later generalize to all (even) q’s.
Z(Jijkl) =
∫
DψieiS[ψi]
=
∫
Dψie−SE[ψi]
=
∫
Dψi exp
{
−
∫
dτ
[
1
2
N
∑
i
ψi∂τψi + ∑
1≤i<j<k<l≤N
Jijklψiψjψkψl
]}
.
(2.15)
The first term is the fermion analogue of the ipq˙ term in the Legandre
transform L = ipq˙ − H between the Lagrangian and the Hamiltonian.
Now we use the (after the fact) insight that we have the replica symmetry
so that we can get away with simply doing a Gaussian ensemble average
directly over the couplings in the path integral.
〈Z〉J ∼
∫
DJijkl exp
{
− ∑
1≤i<j<k<l≤N
J2ijkl
23!J
2
N3
}
Z(Jijkl)
=
∫
Dψi exp
{
−1
2
N
∑
i
∫
dτψi∂τψi
}
×
∫
dJijkl exp
{
− ∑
1≤i<j<k<l≤N
(
J2ijkl
12 J
2
N3
− Jijkl
∫
dτψiψjψkψl
)}
.
The second integral is a product of Gaussian integrals because of the sum
in the exponent and since we have dJijkl = ∏1≤i<j<k<l≤N dJijkl. These
‡When developing the path integral formalism for Majorana fermions one finds that
it is well defined when we make the following correspondence: SE[ψ] =
∫
dτ(ψ∂τψ +
H[ψ]) → ∫ Dψe−SE [ψ]. This is somewhat different (only real grassmann variables) than
the normal fermionic path integral and is argued for in the following paper [6].
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Gaussian integrals can be solved by completing the square in the exponent
(resulting in
∫
dxe−ax2+bx =
√
pi
a e
b2
4a ) so that we obtain
〈Z〉J ∼
∫
Dψi exp
{
− 1
2
N
∑
i
∫
dτψi∂τψi
+
3J2
N3
∫ ∫
dτ′dτ ∑
1≤i<j<k<l≤N
(ψiψjψkψl)(τ)(ψiψjψkψl)(τ
′)
}
.
Our goal is to integrate out the Majorana’s and describe the theory in terms
of bilocal fields G(τ, τ′). and Σ(τ, τ′). First we add G(τ, τ′) and Σ(τ, τ′)
by multiplying 〈Z〉J by one in a smart way. The way we are going to
accomplish this is by multiplying with the integrated over functional delta
function ∫
DGδ
(
NG(τ, τ′)−
N
∑
i
ψi(τ)ψi(τ
′)
)
= 1
writing the delta function in integral form and calling the field of integra-
tion Σ(τ, τ′). So that
∫
DGDΣ exp
{
−N
2
∫ ∫
dτdτ′Σ
(
G(τ, τ′)− 1
N
N
∑
i
ψi(τ)ψi(τ
′)
)}
= 1
(2.16)
where we have absorbed 2i in to the definition of Σ(τ, τ′) for later conve-
nience and we have defined the field G = 1N ∑i ψiψi. If we are to integrate
out the Majorana’s we need to decouple the sum in the exponent.
∑
1≤i<j<k<l≤N
(ψiψjψkψl)(τ)(ψiψjψkψl)(τ
′)
=
1
4! ∑i 6=j 6=k 6=l
(ψiψjψkψl)(τ)(ψiψjψkψl)(τ
′)
=
1
4!
(
N
∑
i
ψi(τ)ψi(τ
′)
)4
.
(2.17)
The last step is true because the ψ’s are Grassmann (non-commuting) vari-
ables so that ψψ = −ψψ =⇒ ψ2 = 0. Using this (eq’s (2.17) and (2.16))
12
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we can write 〈Z〉J as
〈Z〉J ∼
∫
DGDΣDψi exp
{
−1
2
N
∑
i
∫ ∫
dτdτ′ψi(τ)δ(τ − τ′)∂τ′ψi(τ′)
}
×
exp
{
J2N
8
∫ ∫
dτdτ′G4
}
×
exp
{
−N
2
∫ ∫
dτdτ′Σ
(
G(τ, τ′)− 1
N
N
∑
i
ψi(τ)ψi(τ
′)
)}
=
∫
DψiDGDΣ exp
{
−1
2
N
∑
i
∫ ∫
dτdτ′ψi(τ)[δ(τ − τ′)∂τ′ − Σ(τ, τ′)]ψi(τ′)
}
×
exp
{
−N
2
(
ΣG− 1
4
J2G4
)}
.
The path integral is now bilinear in the Majorana operators so that we can
solve the Gaussian Grassmann integral and effectively integrate out the
Majorana fermions.§
〈Z〉J ∼
∫
DψiDGDΣ exp
{
−1
2
N
∑
i
ψTi [∂τ − Σ]ψi
}
×
exp
{
−N
2
(
ΣG− 1
4
J2G4
)}
=
∫
DGDΣdet[∂τ − Σ] N2 exp
{
−N
2
(
ΣG− 1
4
J2G4
)}
=
∫
DGDΣ exp
{
−N
(
−1
2
log det[∂τ − Σ] + 12
(
ΣG− 1
4
J2G4
))}
=
∫
DGDΣe−NI[G,Σ]
where
I[G,Σ] = −1
2
log det[∂τ−Σ]+ 12
∫ ∫
dτdτ′
(
Σ(τ − τ′)G(τ − τ′)− 1
4
J2G(τ − τ′)4
)
We now see that N plays the role of h¯−1 in 〈Z〉J in the large N limit the the-
ory therefore becomes classical. This is the special feature of the SYK that
allows us to solve the theory exactly (in the limit of large N). Concretely,
§For more details on the ”Gaussian” integral used to integrate the Majoran’s out of the
partition function see appendix I.
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for large N we can vary this action to get its classical equations of motion
(eq.(2.12) and (2.13)). For the integral part of I[G,Σ] you can use calculus
of variation. For−12 log det[∂τ −Σ] notice that log det(A) = Tr log(A) and
remember we consider Σ(τ, τ′) a matrix Σττ′ so that we are differentiating
a scalar function w.r.t. a matrix. Using the general matrix calculus rule
d Tr F(A)
dA = f
′(AT) we obtain
G = [(∂τ − Σ]−1
Σ = J2G3.
(2.18)
These are exactly the Schwinger-Dyson equations we derived earlier from
re-summing the perturbation theory.
The Schwinger-Dyson equations for general (even) q
G = [(∂τ − Σ]−1
Σ = J2Gq−1.
(2.19)
analogously follow from the more general effective action
I[G,Σ] = −1
2
log det[∂τ−Σ]+ 12
∫ ∫
dτdτ′
(
Σ(τ − τ′)G(τ − τ′)− J
2
q
G(τ − τ′)q
)
.
(2.20)
2.3 The conformal limit and the conformal two
point function
Due to the fact that the vertex corrections vanish, the Schwinger-Dyson
equations for the two-point function are solvable. We do so in this sec-
tion. As the coupling is relevant, the theory will flow to a strongly cou-
pled regime at low energies. The remarkable finding is that in this deep
IR the theory has an emergent conformal symmetry. Fourier transforming
the first Schwinger-Dyson equation in eq.(2.19) gives us
G(ωn)−1 = −iωn − Σ(ωn). (2.21)
One can infer from eq.(2.20) that [G(τ)] = 0 so that [Σ(τ)] = 2. Fourier
transforming to frequency space reduces the mass dimension by one so
that [Σ(ωn)] = 1. The Schwinger-Dyson equations in the IR limit become∫
dτ′′G(τ, τ′′)Σ(τ′′, τ′) = −δ(τ − τ′)
Σ(τ, τ′) = J2G(τ, τ′)q−1.
14
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We can make a scaling ansats for the two point function and Fourier trans-
form it
G(τ) ∼ τ−2∆ =⇒ G(ωn) ∼ ω2∆−1.
Where due to time translation invariance τ = τ − τ′. Using the first
Schwinger-Dyson equations to obtain Σ(τ) and than Fourier transform-
ing this expression, we obtain
Σ(τ) ∼ τ−2∆(q−1) =⇒ Σ(ωn) ∼ ω2∆(q−1)−1.
Now we use the second Schwinger-Dyson equation to getω1−2∆n ∼ ω2∆(q−1)−1n ,
comparing the exponents provides the scaling dimension ∆ = 1/q. The
power law ansats for the green’s function suggests an emergent scaling
symmetry. This is indeed so, as we can show.
It turns out that the Schwinger-Dyson equations in the IR are invariant
under reparameterization of the euclidean time τ → φ(τ) if we transform
the fields as
G(τ, τ′)→ [φ′(τ)φ′(τ′)]∆G(φ(τ), φ(τ′))
Σ(τ, τ′)→ [φ′(τ)φ′(τ′)]∆(q−1)Σ(φ(τ), φ(τ′)). (2.22)
The second Schwinger-Dyson equation transforms as
Σ(τ, τ′) = J2G(τ, τ′)q−1
→ [φ′(τ)φ′(τ′)]∆(q−1)Σ(φ(τ), φ(τ′)) = J2[φ′(τ)φ′(τ′)]∆(q−1)G(φ(τ), φ(τ′))(q−1)
Σ(φ(τ), φ(τ′)) = J2G(φ(τ), φ(τ′))(q−1).
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And the first transforms as∫
dτ′′G(τ, τ′′)Σ(τ′′, τ′)
→
∫
dτ′′[φ′(τ)φ′(τ′′)]∆G(φ(τ), φ(τ′′))[φ′(τ′′)φ′(τ′)]∆(q−1)Σ(φ(τ′′), φ(τ′))
=
∫
dφ(τ′′) 1
φ′(τ′′)
(
φ′(τ)
φ′(τ′)
) 1
q
[φ′(τ′′)φ′(τ′)]G(φ(τ), φ(τ′′))Σ(φ(τ′′), φ(τ′))
=
(
φ′(τ)
φ′(τ′)
) 1
q
φ′(τ′)
∫
dφ(τ′′)G(φ(τ), φ(τ′′))Σ(φ(τ′′), φ(τ′))
= −
(
φ′(τ)
φ′(τ′)
) 1
q
φ′(τ′)δ(φ(τ)− φ(τ′))
= −
(
φ′(τ)
φ′(τ′)
) 1
q
δ(τ − τ′)
= −δ(τ − τ′).
It is clear from the first transformed expression that if ∆ is not 1/q that
we will not get rid of the φ(τ′′). The 1
φ′(τ′′) in the first step is the Jacobian.
From the second to the third step we integrate out the fields. And finally
we use that δ(φ(τ)− φ(τ′)) = 1
φ′(τ′)δ(τ − τ′) so that the only part where
this expression is non zero is for τ = τ′ where
(
φ′(τ)
φ′(τ′)
) 1
q
= 1.
We will now use this insight to solve the two-point function exactly, in-
cluding its weight. From the emergent conformal symmetry¶ we deduce
that the two-point function will have the general form of a conformal two-
point function (If needed read Appendix II to see this general form de-
rived)
Gc(τ) =
b
|τ|2∆ sgn(τ). (2.23)
Where again due to time translation invariance τ = τ − τ′. To determine
the constant b we will Fourier transform Gc(τ). We work in Euclidean
time and shall be careful with appropriate convergence and analytic con-
¶Actually we have found that the IR theory is Diff(R) invariant but since the theory is
one dimensional there is no notion of angle and every smooth transformation is actually
conformal. This means that Diff(R)∼=Conf(R).
16
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tinuation to Lorentzian time. For ωn > 0 we have
Gc(ωn) = b
∫
dτ
sgn(τ)
|τ|2∆ e
iωnτ
= b
∫ ∞
0
dτ
eiωnτ
τ2∆
−
∫ 0
−∞
dτ
eiωnτ
|τ|2∆
= b
∫ ∞
0
dτ
eiωnτ
τ2∆
−
∫ ∞
0
dτ
e−iωnτ
τ2∆
= b
∫ ∞
0
dτ
eiωnτ − e−iωnτ
τ2∆
= 2ib
∫ ∞
0
dτ
sin(ωnτ)
τ2∆
= 2ib Im
{∫ ∞
0
dτ
eiωnτ
τ2∆
}
.
We rewrote the integral to make it apparent that it looks like a Gamma
function Γ(z) =
∫ ∞
0 t
z−1e−tdt. If we substitute z = 1− 2∆ and −t = iωτ,
we can write
Gc(ωn) = 2ib Im
{∫ ∞
0
dτ
eiωnτ
τ2∆
}
= 2ib Im
{(
i
ωn
)1−2∆ ∫ ∞
0
t−2∆etdt
}
= 2ib Im
{(
i
ωn
)1−2∆
Γ(1− 2∆)
}
= 2ib cos(pi∆)
Γ(1− 2∆)
ω1−2∆n
,
where in the last step we have used that Im{i1−2∆} = Im{ei pi2 (1−2∆)} =
Im{ieipi∆} = cos(pi∆).
We can extend this to include ωn < 0 to get
Gc(ωn) = 2i cos(pi∆)Γ(1− 2∆)|ωn|2∆−1 sgn(ωn). (2.24)
By comparing with the scaling ansats we again see that ∆ = 1/q. ‖
‖Another useful form of G(ωn) that is often encountered in literature (for example
[12]) can be found from eq.(2.24) by making a sine of the cosine and using the Gamma
function identity Γ(x)Γ(−x) = −pix sin(pix) . It reads
Gc(ωn) = i21−2∆
√
pib
Γ(1− ∆)
Γ(∆− 12 )
|ωn|2∆−1 sgn(ωn). (2.25)
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Also substituting the generic form of a conformal two-point function in
the second Schwinger-Dyson equation gives
Σ(τ) = J2Gc(τ)q−1
= J2
bq−1
|τ|2∆(q−1) sgn(τ)
We have used that sgn(τ)q−1 = sgn(τ) since q is even. Going through the
Fourier transform as we did before gives us
Σ(ωn) = 2i J2bq−1 cos(pi∆(q− 1))Γ(1− 2∆(q− 1))
ω
1−2∆(q−1)
n
(2.26)
Remember ∆ = 1q . Now we can solve the other Schwinger-Dyson equation
for b using eq.(2.24) and eq.(2.26)
−1 = Σ(ωn)G(ωn) = −4J2bq cos(pi − piq ) cos(
pi
q
)Γ(−(1− 2
q
))Γ(1− 2
q
)
=
4pi J2bq cos(pi − piq ) cos(piq )
(1− 2q ) sin(pi − 2piq )
=
−pi J2bq
(12 − 1q ) tan(piq )
.
From the first to the second line we use the Gamma function identity
Γ(x)Γ(−x) = −pix sin(pix) . The second to third line we use that cos(pi − piq ) =
− cos(piq ) and sin(pi − 2piq ) = 2 cos(piq ) sin(piq ). Thus
bq =
1
pi J2
(
1
2
− 1
q
)
tan
(
pi
q
)
(2.27)
solves the Schwinger-Dyson equations. the full conformal two-point func-
tion therefore reads
Gc(τ) =
[(
1
2 − 1q
)
tan
(
pi
q
)] 1
q
pi J2|τ| 2q
sgn(τ). (2.28)
The emergent conformal symmetry is a very remarkable property of the
strongly coupled quantum many-body groundstate. To investigate this
18
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groundstate more, we shall try to study its course characteristics through
the thermodynamic properties at low temperatures. The relevant coupling
J sets an intrinsic scale for the system. The dimensionless parameter that
therefore determines in which regime we are is the combination J/T = βJ.
For small βJ, i.e high T/J, we are thus in the perturbative regime, where
the dynamics is that of a Fermi gas quantum dot with a perturbatively
small interaction. For small temperature T ≤ J (βJ  1) the system
should be the novel exotic groundstate with emergent conformal symme-
try. To be explicit: recall that the emergent conformal regime only exists in
the limit N → ∞.
For conformal systems, there is a very direct shortcut to determine
the response at finite temperature. Recall that the partition function of a
d-dimensional quantum system at finite temperature is equal to the Eu-
clidean QFT in d+1 dimensions with Euclidean time periodically iden-
tified τ ∼ τ + β. In a 0-dimensional system the T = 0 system with
−∞ ≤ τ ≤ ∞ is just related to the T 6= 0 system with 0 ≤ τ ≤ β by a
conformal transformation φ(τ) = e
2piiτ
β . Using eq.(2.22), we immediately
find that the finite temperature large N two-point function reads
Gβ(τ) = b
 pi
β sin
(
piτ
β
)
 2q sgn(τ). (2.29)
Let us emphasise, that this trick of using conformal symmetry to deter-
mine the finite T Green’s function, is strictly speaking only valid if the
conformal symmetry is exact. In the SYK model, it is emergent, i.e. it is
not exact, but it becomes a better and better approximation as one lowers
the energy/temperature. This finite T Green’s function is therefore also
not exact, but only an approximation that works better at low T.
2.4 The large q limit for finite temperature
To compute the thermodynamic properties at low temperature of the SYK
model, controlled by the emergent conformal symmetry, it will be conve-
nient to use the arbitrary q generalization of the model. For large q we can
parameterize the two-point function slightly differently
G(τ) =
1
2
sgn(τ)e
g(τ)
q−1 , (2.30)
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accordingly from the second Schwinger-Dyson equation
Σ(τ) =
J2
2q−1
sgn(τ)eg(τ). (2.31)
For g(τ) ∼ ln(τ) this would give a scaling function in both G and Σ.
The usefulness of these expressions is that supposedly the ansats captures
the dominant large q dependence. We expand eq.(2.30) in 1q for large q
(keeping only leading order terms) resulting in
G(τ) =
1
2
sgn(τ)
[
1+
g(τ)
q
]
(2.32)
We want to find eg(τ). To achieve this we Fourier transform eq.(2.32) to get
G(ωn) =
∫
dτ
1
2
sgn(τ)
[
1+
g(τ)
q
]
= − 1
iωn
[
1− iωn
2q
F [sgn(τ)g(τ)]
]
Writing
G(ωn)−1 = −iωn
[
1− iωn
2q
F [sgn(τ)g(τ)]
]−1
= −iωn + ω
2
n
2q
F [sgn(τ)g(τ)]
where again we expanded in 1/q. Comparing this with the first Schwinger-
Dyson equation in frequency space (2.21) tells us that
Σ(ωn) = −ω
2
n
2q
F [sgn(τ)g(τ)] (2.33)
Writing this expression in terms of Euclidean time gives us an expression
for ∂τg and equating this with the expression for Σ(τ) (eq.(2.31)) yields a
differential equation in g(τ)
J2
1
2q−1
sgn(τ)eg(τ) = ∂2τ
( 1
2q
sgn(τ)g(τ)
)
. (2.34)
We should be careful with the sgn(τ) function. However, for both τ < 0
and τ > 0 the differential equation is the same. Therefore there is at most
a discontinuity at τ = 0. Away from τ = 0, we can disregard the sgn(τ)
20
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function. So that the sensible thing to do is solving the equation for |τ| < 0.
This way we loose the sgn function and obtain
∂2τg(τ) = 2J 2eg(τ) where J = J
√
q
2q−1
. (2.35)
Multiplying both sides by dg(τ)dτ , integrating w.r.t. τ and integrating the lhs
by parts gives us
dg(τ)
dτ
d2g(τ)
dτ2
= 2J 2eg(τ) dg(τ)
dτ∫ dg(τ)
dτ
d2g(τ)
dτ2
dτ = 2J 2
∫
eg(τ)
dg(τ)
dτ
dτ
1
2
(dg(τ)
dτ
)2
= 2J 2
∫
eg(τ)dg(τ)
dg(τ)
dτ
= 2J
√
(eg(τ) + c1).
We reduced the problem to a first order differential equation for which we
can calculate the general solution.
∫ dg(τ)√
(eg(τ) + c1)
= 2J
∫
dτ (2.36)
There are two cases here c1 < 0 and c1 > 0, By using simple substitutions
one finds for c1 > 0
− 1√
c1
artanh
(√eg(τ) + c1√
c1
)
= J (τ + c2).
with c1, c2 integration constants. Rewriting this gives the solution for eg(τ)
eg(τ) = c1
(
tanh2
(
J√c1(τ + c2)
)
− 1
)
.
Generalizing to finite temperature we note that this solution doesn’t suf-
fice since we need a solution to be anti-periodic in τ with period β =finite
(see Appendix III) and this solution is not. For c1 < 0 (starting from
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eq.(2.36)) we get:
eg(τ) = −c1
(
tan2
(
J√−c1(τ + c2)
)
+ 1
)
=
−c1
sin2
(
J√−c1(τ + c2) + pi2
)
=
c2
J 2
1
sin2(c(τ + τ0))
.
Where we have defined −c1 =
(
c
J
)2
and c2 = τ0 − pi2c to get the last
equality. Recalling the special case τ = 0, it is easy to see that τ0 = 0 (for
T = 0), and indeed the solution is singular at τ = 0. Furthermore G(τ)
should be anti-symmetric in τ so that eg(τ) should be a symmetric function.
Consider the solution
eg(τ) =
c2
J 2
1
sin2(c(τ + τ0))
notice that if we let τ → |τ| in eg(τ) that it becomes symmetric and still
satisfies the differential equation. This makes G(τ) antisymmetric
eg(τ) =
c2
J 2
1
sin2(c(|τ|+ τ0))
. (2.37)
More specifically we should impose the boundary condition that in the
free theory G(0+) = 12 enforced by the Clifford algebra. Accounting for
this constraint, equation (2.30) tells us that g(0+) = 0. Furthermore, peri-
odicity in Euclidean time implies that g(β) = 0, so that(
c
J
)2
= sin2(cτ0) = sin2(c(β+ τ0)). (2.38)
Redefining c = pivβ and τ0 =
β(1−v)
2v We write the thermal two-point func-
tion in its final descriptive form
eg(τ) =
 cos(piv2 )
cos
[
piv
(
1
2 − |τ|β
)]
2 , J β = piv
cos
(
piv
2
) . (2.39)
In the last expression v runs from 0 to 1 as the dimensionless coupling runs
from 0 to ∞.
22
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2.5 SYK thermodynamics in the large q limit
We will use this large q result to determine the thermodynamic free energy.
The latter is given by
e−βF = Z ∼ e−NI[G,Σ]. (2.40)
or
−βF
N
= I[G,Σ]
Where I[G,Σ] is the value of the on shell action i.e. the action with the
solution of the equation’s of motion substituted in. To avoid having to
calculate the log(det(∂τ −Σ)) term of the action one can use the following
trick, taking J∂J of both sides and observing that G(τ, τ′) = G(τ − τ′)
because of translational invariance, one finds that
J∂J
(
−βF
N
)
=
J2β
q
∫ β
0
dτG(τ)q (2.41)
Using the Schwinger-Dyson equations one can write
J∂J
(
−βF
N
)
=
β
q
∫ β
0
dτΣ(τ)G(τ)
Writing eq.(2.21) in euclidean time and taking the limit τ → 0+ (taking in
to account that limτ→0+ δ(τ) = 0) results in
− ∂τG(τ)−
∫ β
0
dτ′Σ(τ, τ′)G(τ′) = δ(τ)
lim
τ→0+
(
−∂τG(τ)−
∫ β
0
dτ′Σ(τ, τ′)G(τ′)
)
= lim
τ→0+
δ(τ)
− lim
τ→0+
∂τG(τ) =
∫ β
0
dτ′Σ(τ′)G(τ′)
Hence
J∂J
(
−βF
N
)
= −β
q
lim
τ→0+
∂τG(τ)
One can also show that limτ→0+ ∂τG(τ) =
q
N 〈H〉 using that G(τ) =
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1
N ∑i〈Tψi(τ)ψi(0)〉 as follows:
lim
τ→0+
∂τG(τ) =
1
N ∑i
lim
τ→0+
∂τ〈Tψi(τ)ψi(0)〉
=
1
N ∑i
lim
τ→0+
∂τ (θ(τ)〈ψi(τ)ψi(0)〉 − θ(−τ)〈ψi(0)ψi(τ)〉)
=
1
N ∑i
lim
τ→0+
(δ(τ)〈{ψi(τ)ψi(0)}〉+ 〈T[H,ψi](τ)ψi(0)〉)
=
1
N ∑i
〈[H,ψi]ψi〉
=
q
N
〈H〉
In the last step we have worked out the commutator explicitly [H,Ψi] =
q∑j1,...,jq−1 Jij1...jq−1Ψj1 ...Ψjq−1 . To show this one can take q = 4 to find the
pattern that emerges and use that Jj1...jq is anti-symmetric in all of its in-
dices.
Combining we find
J∂J
(
−βF
N
)
= −β
q
lim
τ→0+
∂τG(τ) = − βN 〈H〉 (2.42)
From thermodynamics we know that F =< H > −TS → SthermN =
β〈H〉
N − βFN . We have now found a differential relation between F and 〈H〉.
First we will try to find an expression for 〈H〉 by inserting the large q so-
lution that we obtained (eq.(3.41)) in to the limit expression for 〈H〉
β
N
〈H〉 = β
q
lim
τ→0+
∂τG(τ)
=
β
q
lim
τ→0+
∂τ
(
1
2
sgn(τ)e
g(τ)
q−1
)
=
β
2q
lim
τ→0+
δ(τ)e g(τ)q−1 + sgn(τ)e g(τ)q−1
q− 1 ∂τg(τ)

=
β
2q(q− 1) limτ→0+ sgn(τ)e
g(τ)
q−1 ∂τg(τ)
using eq.(3.41) to compute
∂τg(τ) = −2piv
β
τ
|τ| tan
(
piv
(
1
2
− |τ|
β
))
24
Version of May 12, 2020– Created May 12, 2020 - 12:01
2.5 SYK thermodynamics in the large q limit 25
resulting in
β
N
〈H〉 = − piv
q(q− 1) tan
(piv
2
)
.
So that, in the large q limit, one obtains
β
N
〈H〉 = −piv
q2
tan
(piv
2
)
(2.43)
Now one can compute the free energy by solving the differential equation
given by eq.(2.42). Using the chain rule we can rewrite J∂J as follows
J∂J = J
∂J β
∂J
∂v
∂J β∂v.
Utilizing the (large q) expressions that we defined in the previous para-
graph (J = J
√
q
2q−1 and J β = pivcos(piv2 ) ) we obtain
J∂J =
v
1+ piv2 tan
(
piv
2
)∂v. (2.44)
So that the differential equation becomes
v
1+ piv2 tan
(
piv
2
)∂v (−βFN
)
=
piv
βq
tan
(piv
2
)
. (2.45)
Resulting in the following solution
−βF
N
=
piv
q2
(
tan
(piv
2
)
− piv
4
)
+ C.
The constant of integration can be found by looking at the free theory
where v → 0. For this situation we know that H = 〈H〉 = 0 and con-
sequently that
−βF
N
= S0/N =
1
N
ln (Z) =
1
N
ln (Tr(I)) =
1
N
ln
(
2
N
2
)
=
1
2
ln(2)
so that C = 12 ln(2). Putting it all together we obtain the SYK free energy
in the large N and q limit
− βF
N
=
piv
q2
(
tan
(piv
2
)
− piv
4
)
+
1
2
ln(2). (2.46)
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All the remaining thermodynamics follow. In particular the entropy in this
regime equals
STherm
N
=
1
2
ln(2)−
(
piv
2q
)2
. (2.47)
A particularly interesting aspect of this entropy is that in the zero temper-
ature (v → 1) limit, equivalent to infinitely strong coupling, the entropy
does not vanish. It equals
STherm
N
=
1
2
ln(2)−
(
pi
2q
)2
.
This violates the third law of thermodynamics. By now it is well under-
stood that the degeneracy this entropy counts is an artifact of the large N
limit. At finite N there is a single groundstate seperated from the exited
state by an energy E1 ∼ e
N
J [5]. Nevertheless this finding has been part
of the extreme interest in SYK, not in the least since it shares this property
with strongly correlated systems described hollographically by extremal
charged AdS black holes. We refer to [12, 15] for a review.
2.6 The effective Schwarzian action
Following the precepts of Wilsonian effective field theory, it should be pos-
sible to write down a low-energy effective action that captures the dynam-
ics of the relevant degree’s of freedom in the emergent conformal scaling
regime alone.
Closer inspection reveals that the Schwinger-Dyson equations in the
low energy limit are not just invariant under scaling, but under arbitrary
continuous Euclidean time reparametrisations τ → φ(τ). See equation
(2.22). The full set of reparametrisations forms the group Diff(R) of Eu-
clidean time diffeomorphisms. However, The unique general solution to
these Schwinger-Dyson equations is not invariant under the full group
Diff(R).
Gsol(τ, τ′)→ (φ′(τ)φ′(τ′))∆ Gsol(φ(τ), φ(τ′)).
This situation where a solution to the equations of motion (derived from
an action) has less symmetry than the equations of motion them selves, is
familiar territory. This is spontaneous symmetry breaking and as is well
known the surviving degree’s of freedom in the IR are than the massless
Goldstone modes.
26
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In this case the symmetry is not broken completely, because the solu-
tion preserves the subgroup SL(2R) of Diff(R) generated by time transla-
tion and scaling. One can think of this as the (0,1)-dimensional conformal
group [14]. This means that we get Goldstone bosons due to the full con-
formal symmetry spontaneously breaking down to SL(2R).
The action that describes the dynamics of the resulting Goldstone bosons
(which we will call Se f f ) is called the Schwarzian action. Deriving the form
of this action will be the aim of this paragraph. The Goldstone bosons are
the time reparametrisation functions where now φ(τ) becomes dynamical
field. First notice that the Schwarzian action should have the following
properties:
1.) if φ /∈ SL(2,R) =⇒ δSe f f [φ] = 0 for φ(τ)→ aφ(τ)+bcφ(τ)+d
2.) if φ ∈ SL(2,R) ⇐⇒ φ(τ) = aτ+bcτ+d =⇒ Se f f [φ] = 0
The first property follows because for φ /∈ SL(2,R) the transformed φ
should have the same dynamics as the original. The second property is
due to the fact that for such f (τ) the conformal two-point function is in-
variant.
EFT wisdom tells us that the dynamics of the Goldstone modes should
follow from an action containing the lowest possible order derivatives in
the Goldstone mode fields consistent with the previously discussed sym-
metry.
Φ[φ] =
aφ(τ) + b
cφ(τ) + d
Calculating the first three derivatives of Φ w.r.t. τ can be used to find such
a combination of derivatives.
Φ′ = φ
′
(cφ+ d)2
Φ′′ = φ
′′
(cφ+ d)2
− 2c(φ
′)2
(cφ+ d)3
Φ′′′ = φ
′′′
(cφ+ d)2
− 6cφ
′φ′′
(cφ+ d)3
+
6c2(φ′)3
(cφ+ d)4
where ′ = ddτ . Now one can check that the following combination is indeed
invariant, i.e.
Φ′′′
Φ′
− 3
2
(
Φ′′
Φ′
)2
=
φ′′′
φ′
− 3
2
(
φ′′
φ′
)2
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This combination also adheres to the second necessary property
φ′′′
φ′
− 3
2
(
φ′′
φ′
)2
=
6c2
(cτ+d)4
1
(cτ+d)2
− 3
2
 2c(cτ+d)3
1
(cτ+d)2
2
=
6c2
(cτ + d)2
− 3
2
(
2c
(cτ + d)
)2
= 0
Where we have used that ad− bc = 1 since we are dealing with the spe-
cial linear group where the determinant is one. This result tells us, given
the restraints of the symmetry, that the dynamics of the Goldstone modes
must be governed by an action of the following form
Se f f [φ] = −
αqN
J
∫
dτ{φ, τ} where {φ, τ} = φ
′′′
φ′
− 3
2
(
φ′′
φ′
)2
(2.48)
The {φ, τ} is a combination of derivatives that is called the Schwarzian
derivative and this is why the action we derived is called the Schwarzian
action. The constant αq is dependent on q but is left undetermined. The
Schwarzian effective action is derived from the large N (classical) effective
action I[G,Σ]. Due to this, Se f f is proportional to N. For dimensional
reasons a factor of 1/J is Incorporated, where J = J
√
q
2q−1 as defined in
accord with section 2.4 of this thesis.
The Schwarzian action at finite temperature can be derived for small
reparametrisations (φ(τ) = τ + e(τ)) where e(τ) parametrizes the small
fluctuations around the finite temperature state. The canonical Schwarzian
action eq.(2.48) describes the fluctuations around the zero temperature
groundstate. The action for fluctuations around the finite temperature sys-
tem is related but subtly different. We can again use the underlying time
diffeomorphism symmetry to shortcut to the answer. Consider the trans-
formation Φ = e
2piiφ(τ)
β . As noted before (in section 2.3 of this thesis), this
scale transformation from R →S1 approximately maps the T = 0 system
to the finite temperature system. Thus, for finite temperature we obtain
Sβ = −
αqN
J
∫
dτ
{
e
2piiφ(τ)
β , τ
}
.
We will use that (proof in appendix IV)
{Φ(φ(τ)), τ} = (φ′(τ))2{Φ, φ}+ {φ, τ}.
28
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Using this identity and that {Φ, φ} = 12
(
2pi
β
)2
one finds
Sβ
N
= −αqJ
∫
dτ
[
φ′′′
φ′
− 3
2
(
φ′′
φ′
)2
+
1
2
(
2pi
β
)2
(φ′(τ))2
]
. (2.49)
Notice that in this expression it is obvious that it reduces to the zero tem-
perature solution eq.(2.48) for β→ ∞. Integrating the first term in eq.(2.49)
by parts
∫
dτ φ
′′′
φ′ =
∫
dτ
(
φ′′
φ′
)2
we obtain
Sβ
N
=
αq
2J
∫
dτ
[(
φ′′
φ′
)2
−
(
2pi
β
)2
(φ′(τ))2
]
. (2.50)
Now we can look for the action of small reparametrizations φ(τ) = τ +
e(τ). keeping terms up to second order gives us
Se
N
=
αq
2J
∫
dτ
[(
e′′(τ)
1+ e′(τ)
)2
−
(
2pi
β
)2
(1+ e′(τ))2
]
.
So that
Se
N
=
αq
2J
∫
dτ
[(
e′′(τ)
)2 −(2pi
β
)2
(e′(τ))2
]
. (2.51)
One can also obtain these finite T results using the four point function. ∗∗
For the interested reader we note that the connection between SYK and
extremal black holes is in fact made menifest through this Schwarzian ac-
tion. One can show that the near-horizon gravitational dynamics around
extremal AdS black holes, which maps to the IR physics at dual strongly
coupled theory, is given by the very same Schwarzian action. Strongly
coupled systems described by holography thus flow to the same IR fixed
point as the SYK model. The fisxed point action is the schwarzian.
This is in broad terms the essential story. In detail the holographic
system always describes systems that include charge dynamics. Charge
dynamics also is at utmost relevance for real-life quantum many-electron
dynamics. Including this is where we turn to in the next chapter.
∗∗For the interested reader this method can be found in reference [12].
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Chapter3
The complex SYK model
The complex SYK model is the analog of the majorana SYK model but with
spinless complex fermions instead of majorana fermions. The theory has
an additional global U(1) symmetry. Picturing this U(1) as the U(1) from
electromagnetism, as is usual in condenced matter physics, this model also
has electromagnetic charge dynamics in addition to energy dynamics. The
zero dimensional model described here, only has a charge susceptibility.
In the next chapter we will build a complex SYK chain, where we can also
study charge transport.
The complex SYK we will be looking at the following interaction Hamil-
tonian
HI = ∑
1≤i1<i2<...<iq/2−1<iq/2≤N,
1≤iq/2+1<...<iq≤N
Ji1i2...iq/2;iq/2+1...iq−1iq c
†
i1c
†
i2 ...c
†
iq/2ciq/2+1 ...ciq−1ciq
(3.1)
Here q is again an even integer and Ji1i2...iq/2;iq/2+1...iq−1iq are complex Gaus-
sian coupling constants with the properties that it is anti-symmetric in its
first and last q/2 indices. Moreover Hermiticity demands that
J∗i1i2...iq/2;iq/2+1...iq−1iq = Jiq/2+1...iq−1iq;i1i2...iq/2 (3.2)
As in the Majorana SYK model we will disorder average over random
couplings with zero mean and variance
σ2 =
2(q/2!)2 J2
(q/2)Nq−1
(3.3)
It is the disorder averaged model that has the spin liquid groundstate with
emergent conformal symmetry.
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The charge allows us to add a chemical potential µ to the theory. The
full Hamiltonian we will be considering will thus be
H = HI + Hµ where Hµ = −µ
N
∑
i
c†i ci (3.4)
The analysis mimics for a large part that of the Majorana SYK. A key dif-
ference is that we now have a concerved charge given by
Q =
1
N ∑i
〈c†i ci〉 −
1
2
. (3.5)
We shall be short but will highlight any novel aspects related to the charge
dynamics.
3.1 Complex SYK Swinger-Dyson equations from
large N perturbation theory
Consider again first the free Hamiltonian given by Hµ. The fundamental
anti-commutation relation equals {ci, c†j } = δij so that
∂τcj(τ) = −µ
N
∑
i
[ c†i ci, cj](τ)
= µ
N
∑
i
δijci(τ)
= µcj(τ)
So in the free fermion theory taking the euclidean time derivative of ci(τ)
is equivalent to multiplying by the negative chemical potential.
∂τcj(τ) = µcj(τ) (3.6)
Using this result we can find the free propagator of the complex SYK as
we did before for the majorana SYK.
∂τG
f ree
ij (τ) = ∂τ〈Tci(τ)c†j (0)〉
= ∂τθ(τ)〈ci(τ)c†j (0)〉+ θ(τ)〈∂τci(τ)c†j (0)〉
− ∂τθ(−τ)〈c†j (0)ci(τ)〉 − θ(−τ)〈c†j (0)∂τci(τ)〉
= δ(τ)〈{ci, c†j }〉+ µ〈Tci(τ)c†j (0)〉
= δ(τ)δij + µG
f ree
ij (τ)
32
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Fourier transforming , one thus finds
G f reeij (ωn) = −
δij
iωn + µ
(3.7)
Fourier transforming to Euclidean time one obtains
G f reeij (τ) =

δijeµτ
eµβ + 1
for 0 < τ < β
−δijeµτ
e−µβ + 1
for −β < τ < 0
(3.8)
One can show by simple substitution that this is indeed a solution to
∂τG
f ree
ij (τ) = δ(τ)δij + µG
f ree
ij (τ). Note that we don’t have G
f ree
ij (τ) =
−G f reeij (−τ) as we did for the majorana SYK.
Next we construct the Schwinger-Dyson equations by resumming dia-
grams, first for q = 4, and then we generalize for arbitrary even integer q.
In the complex case the action can be written as
SE =
∫
dτ
 N∑
i=1
c†i (∂τ − µ) ci + ∑
1≤i<j≤N,
1≤k<l≤N
Jij;klc†i c
†
j ckcl

=
∫
dτ
 N∑
i=1
c†i (∂τ − µ) ci + ∑
1≤i<j≤N,
1≤k<l≤N
1
2
(
Jij;klc†i c
†
j ckcl + J
†
ij;klc
†
l c
†
kcjci
) .
(3.9)
Where we have written the action in a manifestly Hermitian way. The
complex nature of the fermions now means that one has a directed charge
flow.
c†l
cj
c†k
ci
and ck
c†j
cl
c†i
As in the Majorana SYK the first order diagrams vanish after disorder av-
eraging since 〈Jij;kl〉 = 〈J†ij;kl〉 = 0. At second order the only possible J2
diagram that is non-vanishing after disorder averaging is given by con-
necting two vertices and averaging over all possible realizations of the
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diagram (the disorder pairing is again indicated by a dotted line). This
diagram is
c†l1
cj1c
†
j2
c†k1ck2
ci1c
†
i2
cl2
Note that the charge flow indicated by the arrows is consistent. If we want
to write this in terms of free propagators we need to have a closer look at
the fermion loop this time since we are dealing with complex fermions.
This means that there might be some minus signs hiding in the fermion
loop.
cj1c
†
j2
c†k1ck2
ci1c
†
i2
∼ 〈0|cj1(τ)c†j2(τ′)c†k1(τ)ck2(τ′)ci1(τ)c†i2(τ′)|0〉
= −〈0|cj1(τ)c†j2(τ′)ck2(τ′)c†k1(τ)ci1(τ)c†i2(τ′)|0〉
= −G f reej1 j2 (τ, τ
′)G f reek2k1(τ
′, τ)G f reei1i2 (τ, τ
′)
So that
c†l1
cj1c
†
j2
c†k1ck2
ci1c
†
i2
cl2= −
J2
6N3
G f reejj (τ, τ
′)G f reekk (τ
′, τ)G f reeii (τ, τ
′)δl1l2
= − J
2
6
(G f ree(τ, τ′))2G f ree(τ′, τ)δl1l2
The rest of the procedure is the same to the majorana SYK. Only diagrams
where all of the dissorder pairings are made within the same melon add
to the total propagator the rest of them vanish in the large N limit. Com-
bining we have the Schwinger-Dyson equations
G = + Σ + Σ Σ + ... (3.10)
34
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where
Σ = −G(−τ)
G(τ)
G(τ)
(3.11)
Algebraically we write the Schwinger-Dyson equations as
G = [∂τ − µ− Σ]−1
Σ = −J2G2(τ)G(−τ) (3.12)
where ∂τ − µ should be thought of as the matrix δ(τ − τ′)(∂τ′ − µ). Gen-
eralizing to even q’s where q is larger or equal to 4, just like we did in the
Majorana SYK, gives us
G = [∂τ − µ− Σ]−1
Σ = −(−1) q2 J2G q2 (τ)G q2−1(−τ)
(3.13)
3.2 Large N effective ”classical” action of the com-
plex SYK
Similar to the Majorana SYK we can also rewrite the theory in terms of
bilocal operators. The equations of motion bilocal action are the Schwinger-
Dyson equations. For complex fermions this derivation is in fact more
straight forward that for real fermions as the grassmann integral is actu-
ally complex, the subtleties for the Majorana case have been discussed in
appendix I. Here we move swiftly to the answer. Again we will be look-
ing at q = 4 before generalizing to q > 4. Rewriting the Hamiltonian in a
manifestly hermitian form.
HI =
1
2 ∑1≤i<j≤N,
1≤k<l≤N
(
Jij;klc†i c
†
j ckcl(τ) + c
†
l c
†
kcjci(τ)J
†
ij;kl
)
(3.14)
Version of May 12, 2020– Created May 12, 2020 - 12:01
35
36 The complex SYK model
For convenience we shall suppress indices in the remainder. They are eas-
ily restored at the end. In this condensed notation
SE =
∫
dτ
[
c† · (∂τ − µ)c + 12
(
J · c†c†cc + c†c†cc · J†
)]
(3.15)
Knowing that we have the replica symmetric solution we again introduce
the disorder average over the random couplings.
〈Z〉J ∼
∫
DJDJ† exp
−m2 ∑
1≤i<j≤N,
1≤k<l≤N
|J|2
 e−S[J]
=
∫
DcDc† exp
(
−
∫
dτdτ′c†(τ) · (∂τ′ − µ)δ(τ′ − τ)c(τ′)
)
×∫
DJDJ† exp
(
−m2|J|2 − 1
2
[
J
∫
dτc†c†cc(τ) +
∫
dτc†c†cc(τ)J†
] )
where m2 = 12σ2 and we have used the shorthand notation
DJDJ† = ∏
1≤i<j≤N,
1≤k<l≤N
dJdJ†
The second integral is the familiar Gaussian integral
∏
1≤i<j≤N,
1≤k<l≤N
∫
dJdJ† exp
(
−m2|J|2 − 1
2
J
∫
dτc†c†cc(τ)− 1
2
∫
dτc†c†cc(τ)J†
)
∼ exp
 14m2 ∑1≤i<j≤N,
1≤k<l≤N
∫
dτdτ′c†c†cc(τ) · c†c†cc(τ′)

Using this result one gets
〈Z〉J ∼
∫
DciDc†i exp
(
−
∫
dτdτ′
N
∑
i=1
c†i (τ)(∂τ′ − µ)δ(τ′ − τ)ci(τ′)+
∑
1≤i<j≤N,
1≤k<l≤N
1
m2
∫
dτdτ′c†c†cc(τ) · c†c†cc(τ′)
)
36
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Due to the now complex nature of the fermions, the rewriting of this inte-
gral into a bilinear form requires some extra attention and care compared
to the Majorana case. Reintroducing indices,
c†c†cc(τ) · c†c†cc(τ′) = ∑
1≤i<j≤N,
1≤k<l≤N
c†l c
†
kcjci(τ)c
†
i c
†
j ckcl(τ
′)
=
1
(2!)2 ∑i 6=j
k 6=l
c†l c
†
kcjci(τ)c
†
i c
†
j ckcl(τ
′)
=
1
(2!)2
N
∑
ijkl=1
ci(τ)c†i (τ
′)(−cl(τ′)c†l (τ))cj(τ)c†j (τ′)(−ck(τ′)c†k(τ′)).
Looking at the second line one can see that if i = j or k = l the sum would
vanish due to the grassmann property of the fermionic fields even if we
would allow these values to be summed over. This means that we can just
as well write it as a ”normal” sum. We also rearranged the Grassmann
variables for later convenience.
We now introduce the bilinear fields by inserting unity similar to the
Majorana case.
∫
DGDΣ exp
{
−
∫
dτdτ′Σ(τ, τ′)
(
N
∑
i
ci(τ′)c†i (τ) + NG(τ
′, τ)
)}
= 1
The unity on the RHS follows formally from considering Σ analytically
continued to iΣ then one recognises the functional delta function. We in-
tegrate over the functional delta function to obtain unity.∗ Now rewriting
∗For convenience we absorb −i in to Σ instead of the 2i we did for the majorana SYK.
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〈Z〉J in terms of G(τ, τ′) gives us
〈Z〉J ∼
∫
DciDc†i DGDΣ exp
(
−
∫
dτdτ′c†i (τ)[ (∂τ′ − µ)δ(τ′ − τ)− Σ(τ, τ′)] ci(τ′)
)
exp
(∫
dτdτ′
[
N4
4(2!)2m2
(−G(τ, τ′)G(τ′, τ))2 − NΣ(τ, τ′)G(τ′, τ)] )
=
∫
DGDΣdet[ (∂τ′ − µ)δ(τ′ − τ)− Σ(τ, τ′)] N
exp
[
−N
∫
dτdτ′
(
Σ(τ, τ′)G(τ′, τ)− J
2
2
(−G(τ, τ′)G(τ′, τ))2)]
=
∫
DGDΣ exp
[
− N
{
− log (det[ (∂τ′ − µ)δ(τ′ − τ)− Σ(τ, τ′)] )
+
∫
dτdτ′
(
Σ(τ, τ′)G(τ′, τ)− J
2
2
(−G(τ, τ′)G(τ′, τ))2)}]
=
∫
DGDΣe−NI[G,Σ]
In the second step we have used that m2 = 12σ2 . The bilocal action thus
equals
I[G,Σ] = − log (det[ (∂τ′ − µ)δ(τ′ − τ)− Σ(τ, τ′)] )+∫
dτdτ′
[
Σ(τ, τ′)G(τ′, τ)− J
2
2
(−G(τ, τ′)G(τ′, τ))2] .
(3.16)
It is straightforeward to check that varying this effective action w.r.t. Σ(τ)
we obtain the the first Schwinger-Dyson equation and varying w.r.t. G(−τ)
we obtain the second Schwinger-Dyson equation (for q = 4). Like for the
Majorana SYK the effective action is easily generalized to even q > 4 and
reads
I[G,Σ] = − log (det[ (∂τ′ − µ)δ(τ′ − τ)− Σ(τ, τ′)] )+∫
dτdτ′
[
Σ(τ, τ′)G(τ′, τ)− J
2
q/2
(−G(τ, τ′)G(τ′, τ))q/2] .
(3.17)
3.3 Complex SYK conformal Green’s function
The clear similarity between the Majorana and complex SYK Schwinger-
Dyson equations already suggests the same conformal symmetry in the IR
38
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and a pure scaling ansats G(ωn) ∼ ω1−2∆n immediately yields ∆ = 1/q.
However we must also track the implications of the U(1) symmetry re-
lated to the complex nature of the fermions. The global U(1) breaks down
to a local U(1) in the IR. This implies that we need to add a complex phase
(that is a real phase in Euclidean time) w.r.t. the Majorana SYK IR symme-
try transformations. We choose to parameterize this local U(1) transforma-
tion using e(Λ(τ)−Λ(τ′)) so that the complete Diff(R)×U(1) transformation
becomes
G(τ, τ′)→ [φ′(τ)φ′(τ′)]∆e(Λ(τ)−Λ(τ′))G(φ(τ), φ(τ′))
Σ(τ, τ′)→ [φ′(τ)φ′(τ′)]∆(q−1)e(Λ(τ)−Λ(τ′))Σ(φ(τ), φ(τ′)).
(3.18)
Making a more refined ansats for complex analytically continued Euclidean
frequency z = iωn, informed by the symmetries and some retrospective
knowledge about particle-hole asymmetry, we posit that
G(z) = c
e−i(pi∆+θ)
z1−2∆
where z ∈ C, Im{z} > 0 and c,∆, θ ∈ R.
(3.19)
We know from linear response theory that we can write down a spectral
representation of G(z)
G(z) =
∫ dΩ
pi
ρ(Ω)
z−Ω (3.20)
and that the spectral function is given by
ρ(Ω) = − Im{G(Ω+ iη)}
= − 1
2i
(G(Ω+ iη)− G∗(Ω+ iη)) . (3.21)
So that using eq.(3.19) and that η = 0+ we can write
ρ(Ω) =
c sin(pi∆+ θ)
Ω1−2∆
(3.22)
It is now possible to find G(τ) using the spectral function and the spectral
representation of G(z). First we use the Matsubara frequency formulation
by using the correspondence z→ iωn and than we Fourier transform
G(τ) =
1
β ∑iωn
G(iωn)e−iωnτ
=
1
β ∑iωn
∫ dΩ
pi
ρ(Ω)
iωn −Ω e
−iωnτ
(3.23)
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We are in the IR limit so that β→ ∞. In this limit we get
G(τ) =
∫ dz
2pii
∫ dΩ
pi
ρ(Ω)
iωn −Ω e
−iωnτ
=
∫ dΩ
pi
ρ(Ω)
∫ dz
2pii
e−zτ
z−Ω
=
∫ ∞
0
dΩ
pi
ρ(−Ω)I(−Ω) +
∫ ∞
0
dΩ
pi
ρ(Ω)I(Ω)
(3.24)
were we have defined I(Ω) =
∫ dz
2pii
e−zτ
z−Ω . Notice that for both integrals (I)
there are two cases (τ < 0 and τ > 0) and due to the integration limits
of the integrals over Ω we have that Ω > 0. Lets start by solving I(−Ω)
using complex contour integration (for I(−Ω) we use contour plot A)
I(−Ω) =

∫ dz
2pii
e−zτ
z +Ω
=
1
2pii
∮
γ2
e−zτ
z +Ω
dz for τ > 0∫ dz
2pii
e−zτ
z +Ω
=
1
2pii
∮
γ1
e−zτ
z +Ω
dz for τ < 0
=
0 for τ > 0−Res{ e−zτ
z +Ω
,Ω
}
= −eΩτ for τ < 0
(3.25)
Using the same considerations we now solve I(Ω) using contour plot B
I(Ω) =

∫ dz
2pii
e−zτ
z−Ω =
1
2pii
∮
γ2
e−zτ
z−Ωdz for τ > 0∫ dz
2pii
e−zτ
z−Ω =
1
2pii
∮
γ1
e−zτ
z−Ωdz for τ < 0
=
Res
{
e−zτ
z−Ω ,−Ω
}
= e−Ωτ for τ > 0
0 for τ < 0
(3.26)
× Re(z)
Im(z)
z0 < 0
γ2γ1
A)
× Re(z)
Im(z)
z0 > 0
γ2γ1
B)
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Using these results (eq.(3.25) and (3.26)) one obtains
Gβ=∞(τ) =

∫ ∞
0
dΩ
pi
ρ(Ω)e−Ωτ for τ > 0
−
∫ ∞
0
dΩ
pi
ρ(−Ω)eΩτ for τ < 0
As Ω > 0 and ∆, θ ∈ Rwe can write
ρ(−Ω) = c sin(pi∆+ θ)
(−Ω)1−2∆
=
c sin(pi∆+ θ)e±pii(2∆+1)
Ω1−2∆
=
c sin(pi∆− θ)
Ω1−2∆
.
(3.27)
So that
Gβ=∞(τ) =

c sin(2∆+ θ)
pi
∫ ∞
0
Ω2∆−1e−Ω|τ|dΩ for τ > 0
− c sin(2∆− θ)
pi
∫ ∞
0
Ω2∆−1e−Ω|τ|dΩ for τ < 0
Transforming coordinates (Ω = x/|τ|) and recognizing the gamma func-
tion one obtains the conformal two-point function
Gβ=∞(τ) =

c sin(2∆+ θ)Γ(2∆)
pi|τ|2∆ for τ > 0
− c sin(2∆− θ)Γ(2∆)
pi|τ|2∆ for τ < 0
(3.28)
In exactly the same way as we did for the Majorana SYK (where we found
the constant b) we can determine the constant c for the complex SYK. In
short, first we use the first Schwinger-Dyson equation (in the conformal
limit) to determine Σβ=∞(z) from Gβ=∞(z). Secondly we use the spectral
representation Σ(z) =
∫ dΩ
pi
σ(Ω)
z−Ω where σ(z) = − Im(Σ(z)) to find
Σβ=∞(τ) =

−sin(2∆+ θ)Γ(2− 2∆)
cpi|τ|2−2∆ for τ > 0
sin(2∆− θ)Γ(2− 2∆)
cpi|τ|2−2∆ for τ < 0
(3.29)
Using the second Schwinger-Dyson equation to obtain
c =
[
Γ(2− 2∆)
pi J2
]∆ [ pi
Γ(2∆)
]1−∆
(sin(pi∆+ θ) sin(pi∆− θ))∆− 12 . (3.30)
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This gives us an explicit form of the conformal two-point function and
self-energy depending only on q, θ and τ.
The complex phase of the Euclidean greens function (eq.(3.19)) is very
important. As can be seen from eq.(3.21) it encodes a particle-hole asym-
metry. This particle-hole asymmetry is a characteristic of the complex SYK,
moreover it is a directly reflected in the large scale thermodynamics. Set-
ting the ratio
sin(pi∆+ θ)
sin(pi∆− θ) = e
2piε (3.31)
we shall show in the next section that
− 2piε = lim
T→0
(
∂µ
∂T
)
Q
= −
(
∂S
∂Q
)
T
= µ(T) |µ0 (3.32)
i.e. 2piε encodes the entropy dependence of the grand canonical ensemble
as a function of charge. In the canonical ensemble it encodes the chemical
potential as a function of temperature.
To show this we will need the finite temperature complex SYK Green’s
function. This is straightforwardly obtained by the same conformal trans-
formation φ(τ) = e
2pii
β as in the Majorana SYK. But there is an additional
freedom, the U(1) symmetry becomes local in the emergent conformal
regime. This leaves one ambiguity encoded in eΛ(τ). This can be fixed
by imposing anti-periodicity in β
G(τ + β) = −G(τ) The KMS condition (3.33)
and choosing the normalization eΛ(0) = 1. Using the Diff(R)×U(1) trans-
formation and the KMS condition (eq.(3.18) and (3.33) respectively), one
obtains
eΛ(τ+β) sin(pi∆− θ) = eΛ(τ) sin(pi∆+ θ). (3.34)
This equation, taking in to account the normalization, is solved by
Λ(τ) =
2piετ
β
. (3.35)
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The thermal Greens function in the conformal limit thus reads
Gβ(τ) =

c sin(2∆+ θ)Γ(2∆)
pi
e
2piετ
β
 pi
β sin
(
pi|τ|
β
)
2∆ for 0 < τ < β
− c sin(2∆− θ)Γ(2∆)
pi
e
2piετ
β
 pi
β sin
(
pi|τ|
β
)
2∆ for −β < τ < 0
(3.36)
3.4 The large q limit for finite temperature
Continuing the same steps as for the Majorana SYK, we now consider the
large q-limit of the complex SYK to help us determine the thermodynam-
ics. The large q complex SYK Schwinger-Dyson equations are
G = [(∂τ − µ− Σ]−1
Σ = −(−1) q2 J2G q2 (τ)G q2−1(−τ)
(3.37)
At large q the Green’s function is also posited to take the form
Gq→∞(τ) = G0(τ)
[
1+
1
q
g(τ)
]
.
Using the second Schwinger-Dyson equation and the free propagator (eq.(3.7))
we obtain
Σq→∞(τ) = −(−1)
q
2 J2G
q
2
0 (τ)
[
1+
1
q
g(τ)
] q
2
G
q
2−1
0 (−τ)
[
1+
1
q
g(−τ)
] q
2−1
=
J2eµτ
eµβ + 1
1
(eµβ + 1)
q
2−1(e−µβ + 1)
q
2−1
[
1+
1
q
g(τ)
] q
2
[
1+
1
q
g(−τ)
] q
2−1
=
J2G0(τ)
(2+ 2 cosh(µβ))
q
2−1
[
1+
1
q
g(τ)
] q
2
[
1+
1
q
g(−τ)
] q
2−1
where for large q we can write
Σq→∞(τ) =
2J˜ 2
q
G0(τ)e
1
2 (g(τ)+g(−τ)) where J˜ 2 = qJ
2
2(2+ 2 cosh(µβ))
q
2−1
.
(3.38)
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In exactly the same way as we did for the Majorana case one should Fourier
transform eq.(3.4) and expand in 1/q. Comparing one’s result with the
first Schwinger-Dyson equation than results in
Σq→∞(τ) =
(∂τ − µ)2
q
[G0(τ)g(τ)]. (3.39)
Equating these two results (eq.(3.38) and eq.(3.39)), taking in to account
that ∂τG0(τ) = µG0(τ) for τ 6= 0, one finds the differential equation for
τ 6= 0
∂2τg(τ) = 2J˜ 2e
1
2 (g(τ)+g(−τ)). (3.40)
The RHS of this differential equation is symmetric in τ so that g(τ) and
g(−τ) have the same differential equation and thus solution. This means
that we are actually dealing with exactly the same differential equation as
the one we solved for the Majorana SYK (eq.(2.35)), so that
eg(τ) =
 cos(piv2 )
cos
[
piv
(
1
2 − |τ|β
)]
2 , J˜ β = piv
cos
(
piv
2
) . (3.41)
3.5 Thermodynamics of the complex SYK in the
large q limit
Also the derivation of the thermodynamics is now near identical to that of
the large q Majorana SYK. Due to the presence of a conserved charge, how-
ever, it applies to the grand canonical ensemble rather than the canonical.
In particular the bilocal action evaluated on the solution to the Schwinger-
Dyson equations gives the grand canonical potentialΩ = −T ln(Z)where
Z ∼ e−(I[G,Σ]− µβ2 ) = e− I˜[G,Σ] is the partition function of the grand canoni-
cal ensemble. Rather than calculating Ω directly, it is more convenient to
compute
J˜ ∂
∂J˜ βΩ = J˜
∂
∂J˜ I˜[G,Σ]. (3.42)
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Using the chain rule ∂
∂J˜ =
∂J
∂J˜
∂
∂J and eq.(3.38) the RHS becomes
J˜ ∂J
∂J˜
∂
∂J
I˜[G,Σ] = −J˜ ∂J
∂J˜ Jβ(−1)
q
2
∫ β
0
dτGq→∞(τ)
q
2 Gq→∞(−τ)
q
2
= −J˜ ∂J
∂J˜
βJ
(2+ 2 cosh(µβ))
q
2
∫ β
0
dτeg(τ)
= − 2βJ˜
2
piqv(2+ 2 cosh(µβ))
∫ β
0
dτeg(τ).
(3.43)
Inserting eq.(3.41) and solving the resulting integral one obtains
J˜ ∂
∂J˜ I˜[G,Σ] = −
2βJ˜ 2 sin(piv)
piqv(2+ 2 cosh(µβ))
. (3.44)
Eq.(3.42) can now be rewritten using the chain rule ∂
∂J˜ =
∂v
∂J˜
∂
∂v , the J˜ (v)
relation of eq.(3.41) and eq.(3.44), resulting in the following differential
equation
∂Ω
∂v
= −∂J˜
∂v
2J˜ 2 sin(piv)
piqv(2+ 2 cosh(µβ))
= − 4pi tan
(
piv
2
)
qβ(2+ 2 cosh(µβ))
(
1+
piv
2
tan
(piv
2
))
.
(3.45)
Solving this equation results in the grand potential
Ω(µ, β) =
piv
qβ cosh2
(
µβ
2
) (piv
4
− tan
(piv
2
))
+ C (3.46)
To determine the constant we look at the free theory (v → 0). In this limit
we just get the free fermion result for the grand potential so that
Ω(µ, β) =
piv
qβ cosh2
(
µβ
2
) (piv
4
− tan
(piv
2
))
− T ln
(
2 cosh
(
µβ
2
))
(3.47)
Having determined the grand potential we can now verify our claim
that the phase (θ) of the greens function encoding particle hole asymmetry
directly reflects itself macroscopically in the low temperature dependence
of the chemical potential in the canonical ensemble. Legendre transform-
ing to the fixed Q canonical ensemble
F(Q, T) = Ω(µ, T) + µQ. (3.48)
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Since F is a variable from the canonical ensemble where µ is fixed we know
that ∂F∂µ = 0. From this it follows that Q = − ∂Ω(µ,T)∂µ so that
µ(Q, T) =
(
∂F
∂Q
)
T
= µ0 − 2piεT. (3.49)
3.6 The complex SYK Schwarzian action
As discussed in the previous section there are two emergent symmetries
in the IR of the theory. Namely, the Schwinger-Dyson equations (3.37) are
invariant under combined local time-diffeomorphism and local U(1) trans-
formations (eq.(3.18)). The solution breaks both and there should again be
a Goldstone-boson effective action valid in the extreme IR.
Building on the Majorana result, we know that in the uncharged case
there is a residual exact symmetry (SL(2,R)) leaving the solution invari-
ant. Where τ → φ(τ) with φ(τ) = aτ+bcτ+d and ad− bc = 0. At finite temper-
ature this generalizes to the set of transformations
β
pi
tan
(
piφ(τ)
β
)
=
a tan
(
piτ
β
)
+ bpiβ
c tan
(
piτ
β
)
+ dpiβ
. (3.50)
Checking this now in the charged case we notice that the finite T solution
is not invariant under transformations unless we accompany it with a local
U(1) transformation of the following form
Λ = 2piεT(τ − φ(τ)). (3.51)
With this reformulation we can write down a lowest order (2 or higher
derivative) effective action for the fluctuation modes Λ, φ(τ) = τ + e(τ).
a naive guess is
S =
K
2
∫
dτ[∂τΛ]2 − γ4pi4
∫
dτ
{
tan
(
pi
β
τ + e(τ)
)
, τ
}
(3.52)
but fails to be consistent with the requirement posed by eq.(3.51). This is
easily remedied by modifying the first term so that the effective Schwarzian
action reads
S =
K
2
∫
dτ[∂τΛ+ 2piεT∂τe]2− γ4pi4
∫
dτ
{
tan
(
pi
β
τ + e(τ)
)
, τ
}
(3.53)
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so that for small thermal fluctuations e(τ) the first term of the action is
zero. The second term is no different from the one we argued for in sec-
tion (2.6). The meaning of the coupling K and γ can be easily deduces as
follows. Recall that Λ(τ) is an emergent local version of the phase associ-
ated with a U(1) transformation. Suppose we would have made the U(1)
local from the beginning instead of emergent in the IR and couple it to a
background gauge field. This gauged complex SYK theory would have
the action
S =
∫
dτ∑
i
c†i (∂τ − µ+ A0)ci + ... (3.54)
By construction the charge susceptibility is now given by
χcharge =
δ2S
δA20
= −
(
δ2Ω
δA20
)
T
(3.55)
The electrostatic potential is related to the phase as A0 = ∂τΛ. Thus we
can equivalently write
χcharge = −
(
δ2Ω
δ(∂τΛ)2
)
T
(3.56)
In the IR the grand potential is given by the Schwarzian thus we immedi-
ately conclude that
χcharge = K (3.57)
Similarly the energy susceptibility, i.e. the specific heat C = T2
(
δ2Ω
δT2
)
µ
can be deduced from the time diffeomorphism tan(piT(τ + e(τ)). Note
that it is invariant under
Tδe(τ) = −δTτ (3.58)
For the case e(τ) = γτ i.e. ∂τe(τ) is constant one finds
∂τe(τ) = −δTT (3.59)
since to first order δe = ∂τe|τ=0τ and the first derivative of e(τ) is γ.
Therefore the coefficients of the 12(∂τe(τ))
2 term in the effective action is
related to the specific heat as
S =
K˜
2
∫
dτ(∂τe(τ))2 + ... where γ = K˜ = T2
(
δ2Ω
δT2
)
µ
(3.60)
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The cross terms are similarly fixed.
The observant reader will notice that this derivation of the Schwarzian
action for small fluctuations e(τ) is a bit ad hock. We have only shown
that S = 0 for small fluctuations combined with eq.(3.51). The interested
reader can find a compelling argument for the validity of this effective
Schwarzian action in ref.[4].
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SYK chains
(1,0)-dimensional systems such as SYK clearly have no spatial transport.
Conductivity is nevertheless the most probed characteristic of materials.
Can there be exotic materials with spacial extent that have a similar emer-
gent conformal quantum spin liquid state? Here we shall construct an
example by engineering. They are of interest because holographic strange
metals which appear to be in a similar universality class of exotic emer-
gent conformal symmetry do have spatial transport. Also, Experimental
high Tc superconductor strange metals fall outside any known controlled
model of many-body electron physics. The SYK exotic groundstate is the
first new such state in many years. However in the real strange metals
unconventional spatial transport is a defining characteristic.
4.1 The complex SYK chain with q-hopping
We consider the simplest such complex SYK model with spatial extent
(One can also consider a Majorana SYK chain [7]). This is a chain of com-
plex SYK quantum dots with a hopping interaction for current and energy
to flow from one side to another. For tractability reasons that will become
clear, we engineer this hopping as follows: We have a chain of ”L”-sites
with Hamiltonian
H = HSYK + H0 + Hhop (4.1)
where
HSYK =
L
∑
x=1
∑
I;K
JI;K,xC†I,xCK,x (4.2)
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,
H0 = −µ
L
∑
x=1
∑
i
c†i,xci,x (4.3)
and
Hhop =
L
∑
x=1
∑
I;K
(
J′I;K,xC
†
I,xCK,x+1 + J
′∗
I;K,xC
†
K,x+1CI,x
)
(4.4)
Where we have used the following notation
CK = ck1ck2 ...ckp (4.5a)
C†I = c
†
i1c
†
i2 ...c
†
ip (4.5b)
where p = q/2 and ∑I;K = ∑ 1≤i1<i2<...<ip≤N,
1≤k1<k2<...<kp≤N
. In these expressions (4.2)
and (4.4) the couplings are again Gaussian random with zero mean and
respective variances
σ2 =
2(q/2!)2 J2
(q/2)Nq−1
and σ′2 = 2(q/2!)
2 J′2
(q/2)Nq−1
(4.6)
The coupling from Hhop is in fact a hopping constant. Nevertheless we can
treat it as a simple coupling and disorder average as we did in previous
chapters. All transport thus occurs through a q-fermion interaction
x− 1 x x + 1
Jij;kl,x−1 J′ij;kl,x
c†i
c†j
ck
cl c
†
i c
†
j ck cl
Figure 4.1: Graphical representation of a q = 4 SYK chain.
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Following exactly the steps as discussed for the Majorana and complex
SYK in previous chapters, we can readily derive the bilocal action
I[G,Σ] =
L
∑
x=1
[
− Tr ln (∂τ − µ− Σx) +
∫
dτdτ′
[
Σx(τ, τ′)Gx(τ′, τ)−
J2
2
(−Gx(τ, τ′)Gx(τ′, τ))
q
2 − J
′2
2
(−Gx(τ, τ′)Gx(τ′, τ))
q
4 (−Gx+1(τ, τ′)Gx+1(τ′, τ))
q
4
]]
(4.7)
and its equations of motion, the Schwinger-Dyson equations
Gx = [∂τ − µ− Σx]
Σx = −(−1)
q
2
(
J2G
q
4
x (τ)G
q
4−1
x (−τ) + J′2(Gx+1(τ)Gx+1(−τ))
q
4
)
(4.8)
The convenience of the choice of q-particle hopping is now clear in that
the second Schwinger-Dyson equation is relatively simple.
Still the fact that the Green’s function and the self-energy now depend
on space as well as on frequency, appear to make it impossible to solve.
We shall now make the ansats however that in the low-energy limit the
Green’s function should become translationally invariant i.e.
Gx−1 = Gx = Gx+1. (4.9)
Than the Schwinger-Dyson equations collapse to a single copy of the (1,0)-
dimensional complex SYK where now J =
√
J2 + J′2. So that the coupling
is shifted by the hopping energy. This allows to immediately write down
the IR scaling solution: it is the same up to a shift of coupling.
This automatically means that the thermodynamics is also the same
as for the 0+1 dimensional model. However, the system now allows for
transport. Transport, i.e. the thermal and electric conductivity cannot be
computed from the grand potential. We must study the linear perturba-
tions. We will do so in detail in the next chapter.
Instead we now make a brief digression to enumerate some other ways
of extending the SYK model to a (1,1)-dimensional system.
4.2 Other options for chaining SYK quantum dots
It is clear that the q-hopping is engineered and rather artificial. In this
section we will not do any derivations, rather we will cite some of the
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literature on interesting ways to construct SYK chains. We start with a far
more natural/realistic q = 4 chain with 1-particle hopping
H =∑
x
∑
i<j,k<l
Jx,ijklc†x,ic
†
x,jcx,kcx,l + ∑
〈xx′〉
∑
i,j
(
txx′ijc†x,icx′,j + H.c.
)
(4.10)
This model, proposed by Song et al. [16], however, fails to flow to the
emergent conformal IR. The easy way to understand this is to note that
for tJ >> 1, we are clearly still in the perturbative free fermion/fermi-
liquid regime. Suppose we arrive at the emergent scaling regime, then the
fermion has anomalous scaling dimension 1/4. Thus under transforma-
tion τ → λτ, c → λ− 14 c the SYK interaction is marginal i.e. it does not
change but the hopping term changes as λ, or equivalently it is t → λt.
As λ grows t grows and the hopping wins in the IR. It turns out that all of
the mentioned SYK chains in this chapter shift the conformal fixed point
by some amount.
One can include the effect of dispersionless phonons to the previous
model as done by Guo et al. [8]. This is done by adding
Hph =
M
2 ∑x ∑ij
(|∂τXxij|2 +ω20|Xxij|2) (4.11)
and
He−ph = − α√
N
∑
x
∑
ij
Xxijc†x,icx,j (4.12)
to eq.(4.10). Xxij is the phonon field and ω0 the Debye frequency. The ef-
fect of adding the phonons is a shift in the hopping term t2, in fact it is
enhanced by the phonons to t′ = t2 + α2
Mω20
T. The addition of the phonon
heath bath thus shifts the critical energy where one goes from a fermi liq-
uid state to a strange metal.
In another effort to construct a theoretical framework for strange met-
als where the non-Fermi liquid fixed point can be accessed perturbatively
Ben-Zion et al. [2] proposed a SYK chain model coupled to a Fermi-surface.
It is a field theoretical strategy to couple a Fermi surface to gapless degree’s
of freedom to create a non-Fermi liquid metal. In this case the gapless de-
grees of freedom are introduced through a chain of complex SYK quantum
dots. Explicitly, the model studied is given by
H =∑
x
∑
i<j,k<l
Jx,ijklc†x,ic
†
x,jcx,kcx,l− t ∑
〈xy〉∈lattice
(ψ†xψy +H.c.)+∑
x,i
(gixψ†xcxi +H.c)
(4.13)
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where gix (hybridization coupling) are again independent Gaussian cou-
plings. At intermediate hybridization coupling they find a stable and
novel strange metal fixed point (g2∗ ∼ J
2
q ). Ben-Zion et al. give a repre-
sentation of the expected phase diagram of such a model given by fig.4.2.
This schematic phase diagram can be deduced from the Hamiltonian by
Figure 4.2: Loose representation of expected phase diagram
looking at the coupling constants J, t and g. For example, if J is big enough
and g is small than the last term in the Hamiltonian can be neglected and
one finds a fermi-surface and SYK system that are decoupled. The other
phases described in the phase diagram can be deduced in a similar fash-
ion.
Whether by adding a heat bath of phonons or by directly adding a Fermi-
surface, the previous models all shift the critical energy where one goes
from a conventional Fermi liquid to the novel strange metal state. It is at
least clear that the gapless nature of the SYK model could be a valuable
tool in theoretical efforts to describe strange metal behaviour.
There are a lot of other interesting generalized SYK models. For exam-
ple [11], [10] and [9] among others. However, from here on out we direct
our attention to the first example given in this chapter (eq.(4.3)).
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4.3 Temperature dependence of the conductivity
from the Schwarzian regime
The thermodynamics of the (1,1)-dimensional complex SYK chain with q-
hopping discussed in the in the first section of this chapter is identical (up
to the effective coupling) to that of the (1,0)-dimensional complex SYK.
This result will be utilized to carefully determine the conductivity through
the chain.// In this section we will show that the conductivity derived
from the Schwarzian action
S
N
=
KT
2 ∑k,ωn 6=0
|ωn|(D1k2 + |ωn|) |φ˜(k,ωn)|2
+
Tγ
8pi2 ∑k,|ωn|6=0,2piT
|ωn|(D2k2 + |ωn|)(ω2n − 4pi2T2)|e(k,ωn)|2
(4.14)
given in frequency and wave number space goes as 1/T.
First recall the Einstein relation eq.(1.20) and that we are only interested in
the charge susceptibility. From the Schwarzian one can show that
χ(ω, k) = 〈Q; Q〉ωk = K Dk
2
Dk2 − iω . (4.15)
In general for a diffusive system we have that
χ(ω, k) = χ0
Dk2
Dk2 − iω . (4.16)
Compairing these expressions we again find that χ0 = K as it whas for the
single complex SYK (as expected). This results in
Re{σDC} = KD. (4.17)
The diffusion constant is derived in [4] and is given by
D =
3
8
γv2B
pi3∆2K
1
T
. (4.18)
So that we obtain our result:
Re{σDC} = 38
γv2B
pi3∆2
1
T
∼ 1
T
(4.19)
Now that we have the temperature dependence of the conductivity in the
Schwarzian regime we ask our selves: would we get the same result cal-
culating the temperature dependence If we calculate it directly from the
path integral?
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Conclusion
We have shown that a naive calculation of the conductivity of a chain of
complex SYK’s in the Schwarzian regime results in a 1T dependence of the
conductivity on the temperature (4.19). There is reason to believe that this
is only part of the contribution to the conductivity. This insight comes
from holography where one has two distinct sectors that contribute to the
conductivity. In future work it might be fruitful to see if an honest to god
calculation of the conductivity from the path integral indeed gives a dif-
ferent result. In the following I will discuss some of the subtleties arising
when trying to do this calculation.
5.1 Temperature dependence of the conductivity.
The next step?
In the following we will discuss how to find the temperature dependence
of the SYK chain’s (given by eq.(4.3)) conductivity . The approach should
be a first principles calculation of the microscopic charge dynamics. It
turns out that one should be very careful doing such a calculation. To
calculate the conductivity one needs the current operator. For this reason
a calculation of such a current operator is derived in this section. We have
defined the total fermion number in eq.(3.5). Along the same lines we now
define our number density operator per site in the chain as
n(x, τ) =
1
N ∑i
c†i,x(τ)ci,x(τ)− 1/2. (5.1)
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The continuity equation in euclidean time for a conserved current in a
spatially continuous ”chain” is given by
∂τn(x, τ) = i∂x j(x, τ). (5.2)
But since we are dealing with a spatially discrete system of chained quan-
tum dots the spatial derivative should become a differential quotient of
our choosing for our current operator to make any physical sense. Our
particular choice results in
e
h¯
[Hhop, n] = i(Ix − Ix−1). (5.3)
Where the LHS icomes from the Heisenberg equation of motion and in the
RHS the lattice constant is chosen to be a = 1. The current operator one
obtains from this is
Ix =
iep
h¯N ∑I;K
(
J′I;K,xC
†
I,xCK,x+1 − J′∗I;K,xC†K,x+1CI,x
)
. (5.4)
For the detail oriented reader a guide trough the calculation resulting in
this particular current operator is provided in appendix V.
It turns out that naive calculations using this current operator lead to
zero conductivity due to the zero mean of the Gaussian distribution from
which the hoppings are randomly pulled. For example using eq.(1.4) re-
sults in zero conductivity. Another approach is to couple the current oper-
ator to an auxiliary gauge field in the path integral.
Z =
∫
DcDc†DA exp
(
−
∫
dτ∑
x
N
∑
i=1
c†i,x(τ)(∂τ − µ)ci,x(τ)
−
∫
dτ∑
x
∑
I;K
1
2
(
JI;K,xC†I,xCK,x + J
∗
I;K,xC
†
K,xCI,x
)
−
∫
dτ∑
x
∑
I;K
{(
J′I;K,xC
†
I,xCK,x+1 + J
∗
I;K,xC
†
K,x+1CI,x
)
+ Ix[c, c†]Ax
})
(5.5)
One should disorder average and than expand the resulting action around
the translationally invariant saddle point solutions in to spatial fluctua-
tions. This calculation is left for future research though.
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Appendix I: ”Gaussian” integral
over real Grassmann variables
For a real N×N skew-symmetric matrix A, where N = 2m (even), we can
write the following
∫
dNψ exp
{
−1
2
N
∑
i,j=1
ψi Aijψj
}
=
√
det(A) (A.1)
My intention is to present a line of argument for this identity using (but
not proving) a mathematical theorem pertaining such matrices.
A.1 Real 2m× 2m skew-symmetric matrices
A.1.1 The spectra and determinant
Lets start by finding some helpful properties of real 2m× 2m skew-symmetric
matrices (AT = −A). Assume ~x to be an eigenvector of A than A~x = λ~x
and (A~x)† = (λ~x)† → ~x† AT = λ∗~x† using this
~x† AT~x = λ∗~x†~x
~x†(−A)~x = λ∗~x†~x
−λ~x†~x = λ∗~x†~x
−λ = λ∗
(A.2)
consequently
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(A~x)∗ = (λ~x)∗
A~x∗ = λ∗~x∗
A~x∗ = −λ~x∗.
(A.3)
We have found that Re(λ) = 0 so that λi is pure imaginary (eq.(A.2)) and
that all eigenvalues appear in ±λ pairs (eq. (A.3)). Consequently A has
the following spectrum of eigenvalues
λ(A) = {±iλ1,±iλ2, ...,±iλm} Where λi ∈ R (A.4)
Using the property that the determinant is so called similarity invariant
(similar matrices give the same determinant) we can write
det(A) =
m
∏
i=1
λ2i (A.5)
A.1.2 Theorem I
A real 2m× 2m skew-symmetric matrix A has purely imaginary pairs of
eigenvalue’s (see eq.(A.4)). Such a matrix can be put in to block-diagonal
form by special-orthogonal transformation D = OAOT to get
D = diag
((
0 λ1
−λ1 0
)
,
(
0 λ2
−λ2 0
)
, ...,
(
0 λm
−λm 0
))
(A.6)
A.2 Real Grassmann variables and the ”Gaussian”
integral
The set of non-commuting real grassmann variables G = {ψi} can be used
to construct a path integral formulation for majorana fermions and will
thus be extremely important in studying the SYK model. The commuta-
tion relation of such variables is given by
{ψi,ψj} = 0. (A.7)
This immediately implies that ψ2i = 0. Integration is defined to be a linear
operator with the following action∫
dψ(a + bψ) = b where a, b ∈ R. (A.8)
58
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Lets have a look at the simplest ”gaussian” integral we can write
∫
dψ1dψ2e−aψ1ψ2 =
∫
dψ1dψ2(1− aψ1ψ2)
=
∫
dψ1dψ2(1+ aψ2ψ1)
= a
Notice that we can represent this as
∫
dψ1dψ2e−
1
2ψi Aijψj = a.
Here we sum over repeating indices and A is the skew-symmetric matrix
A =
(
0 a
−a 0
)
.
This way we can generalize the gaussian integral over N (even) real grass-
man variables as
∫
dnψe−
1
2ψi Aijψj
where again A is skew-symmetric∗ and
dnψ =
N
∏
i
dψi.
Theorem I tells us that we can write A = OTDO so lets make the change of
variables Oijψj = ψ′i . The measure is invariant under this transformation
since
∗We could write the gaussian integral with a general (non-singular) matrix in the ex-
ponent. The grassmann nature of the variables would make the symmetric part of this
matrix vanish when integrating. This means that writing a skew-symmetric matrix in the
exponent is equivalent and since we discovered some helpful properties of such matrices
we choose to write it in terms of a skew-symmetric matrix.
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N
∏
i
ψ′i =
1
N!
ei1,i2,...,iNψ
′
i1ψ
′
i2 ...ψ
′
iN
=
1
N!
ei1,i2,...,iNOi1,i′1ψi′1Oi2,i′2ψi′2 ...OiN ,i′Nψi′N
=
1
N!
ei1,i2,...,iNOi1,i′1Oi2,i′2 ...OiN ,i′Nei′1,i′2,...,i′N
N
∏
i
ψi
= det(O)
N
∏
i
ψi
=
N
∏
i
ψi
(A.9)
and consequently we can write the integral as
∫
dnψe−
1
2ψ
T Aψ =
∫
dnψe−
1
2ψ
TOT DOψ
=
∫
dnψ′e−
1
2ψ
′T Dψ′ .
From here on we will omit the apostrophe and go on to solve the integral
60
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∫
dnψe−
1
2ψiDijψj
=
∫
dnψ exp
{
− 1
2
(λ1ψ1ψ2 − λ1ψ2ψ1 + λ2ψ3ψ4 − λ2ψ4ψ3 + ...
+ λmψm−1ψm − λmψ2mψ2m−1)
}
=
∫
dnψ exp {λ1ψ2ψ1 + λ2ψ4ψ3 + ...+ λmψ2mψ2m−1}
=
∫
dnψ exp
{
m
∑
i=1
λiψ2iψ2i−1
}
=
∫
dnψ
m
∏
i=1
exp {λiψ2iψ2i−1}
=
∫
dnψ
m
∏
i=1
(1+ λiψ2i+1ψ2i)
=
∫
dnψ
(
m
∏
i=1
λi
)
ψ2ψ1ψ4ψ3...ψNψN−1
=
m
∏
i=1
λi
=
√
det(A)
where we have used that the only the part of the product that survives
the integral is where we multiply all the grassmann variables. All other
terms will vanish because
∫
dψ = 0. In the last step we use that pairs of
grassmann variables commute ([ψ2ψ1,ψ4ψ3] = 0). Our efforts have paid
off to get us
∫
dNψ exp
{
−1
2
N
∑
i,j=1
ψi Aijψj
}
=
√
det(A). (A.10)
If we have an infinite dimensional grassmann algebra (ψ(τ)ψ(τ′) = 0,
where τ, τ′ ∈ R) we can write the gaussian integral as∫
D[ψ] exp
{
−1
2
∫ ∫
dτdτ′ψ(τ)A(τ, τ′)ψ(τ′)
}
=
√
det(A) (A.11)
Here N = 2m (even) and we have taken m to infinity. We write the mea-
sure as D[ψ] indicating that we integrate over the whole infinite dimen-
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sional grassmann algebra. †
†The observant reader would have noticed that taking N = 2m and subsequently
taking m to infinity feels like cheating. We have an infinite dimensional algebra and
infinity is neither even nor uneven. The reason that doing this is allowed in the SYK
model (and every other conventional QFT) is that it is anomaly free (the witten index is
equal to zero).
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Appendix II: Derivation of the
general form conformal two-point
function
For a complete description of CFT I suggest reference [14]. In this ap-
pendix I will assume that one knows the conformal group structure for a
one-dimensional theory.
Consider the two-point function 〈ψ1(τ1)ψ2(τ2)〉 and observe that the
conformal group is a combination of the time translations τ → τ′ = τ+ a,
dilatations τ → λτ and special conformal transformations τ → τ′ = τ1+bτ .
Using these facts we will show that the two point function is restricted to
be of the form
〈ψ1(τ1)ψ2(τ2)〉 = d12|τ1 − τ2|2∆ . (B.1)
I will give the reasoning behind this form of the two point function but will
not proof that the measure is invariant under conformal transformation. A
somewhat more detailed derivation is given in reference [14]. Lets assume
that the measure and action are invariant under conformal transforma-
tions (for the action we have shown this fact to be true). Than because of
translational invariance we get
〈ψ1(τ1)ψ2(τ2)〉 = f (|τ1 − τ2|).
For dilatations we have that ψi(λτi) = λ
−∆i
1 ψi(τi) so that
〈ψ1(τ1)ψ2(τ2)〉 = λ∆1+∆2〈ψ1(λτ1)ψ2(λτ2)〉.
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It is easy to check that this means that if we want f (|τ1 − τ2|) to be invari-
ant under dilatation’s that we must write
f (|τ1 − τ2|) = b12|τ1 − τ2|∆1+∆2 .
The last step is to show that the two point function is only invariant if
∆1 = ∆2. Observe that under special conformal transformations
|τ′1 − τ′2| =
∣∣∣∣ τ11+ bτ1 − τ21+ bτ2
∣∣∣∣
=
∣∣∣∣ τ1 − τ2(1+ bτ1)(1+ bτ2)
∣∣∣∣
and that since for special conformal transformations we have that
∣∣∣ ∂τ′i∂τi ∣∣∣ =
1
(1+bτi)2
we get
f (|τ1 − τ2|) =
∣∣∣∣∂τ′1∂τ1
∣∣∣∣∆1 ∣∣∣∣∂τ′2∂τ2
∣∣∣∣∆2 f (|τ′1 − τ′2|)
=
∣∣∣∣ 1(1+ bτ1)
∣∣∣∣2∆1 ∣∣∣∣ 1(1+ bτ2)
∣∣∣∣2∆2 |(1+ bτ1)(1+ bτ1)|∆1+∆2b12|τ1 − τ2|∆1+∆2
=
∣∣∣∣ 1(1+ bτ1)
∣∣∣∣2∆1 ∣∣∣∣ 1(1+ bτ2)
∣∣∣∣2∆2 |(1+ bτ1)(1+ bτ1)|∆1+∆2 f (|τ1 − τ2|).
Notice that f (|τ1 − τ2|) is indeed only invariant if ∆1 = ∆2. This shows
that eq.(B.1) is indeed the proper form for a conformally invariant two-
point function of a one dimensional theory.
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Appendix III: Periodicity in τ of
euclidean two point function
In quantum mechanics the partition function in terms of position eigen-
states (X(0)), where we have chosen t = 0, is defined as
Z = Tr
(
e−βHˆ
)
=
∫
dX〈X(0)|e−βHˆ|X(0)〉
Notice that the time evolution operator works as follows
e−itHˆ|X(0)〉 = |X(t)〉
We can thus interpret the exponential in the partition function as a time
evolution operator giving us that
Z =
∫
dX〈X(0)|X(−iβ)〉
In terms of euclidean time (τ = it→ τ = i(−iβ) = β) this reads
Z =
∫
dX〈X(0)|X(β)〉
This shows that for general position (since we are integrating over position
eigenstates) only state’s that start at τ = 0 at position X and end up at
position X at τ = β have a statistical weight. But in the beginning of
this Appendix we could have chosen any imaginary time (so instead of
t = 0 we could have chosen t = −it0). This implies that in euclidean
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time the position eigenstate’s must be periodic with a period of β (X(τ) =
X(τ ± β)).
Now for the thermal two point function (T > 0), notice that it is defined
as
Gβ(τ, x) =
1
Z
Tr
(
e−βHˆOˆ(τ, x)Oˆ(0, 0)
)
Where O(τ, x) is some quantum mechanical operator that can be evolved
in time by
e−βHˆO(τ, x)eβHˆ = O(τ + β, x).
This means that for τ > 0 and off course β > 0 we can write
Gβ(τ + β, x) =
1
Z
Tr
(
e−βHˆOˆ(τ + β, x)Oˆ(0, 0)
)
=
1
Z
Tr
(
e−βHˆeβHˆOˆ(τ, x)e−βHˆOˆ(0, 0)
)
=
1
Z
Tr
(
Oˆ(τ, x)e−βHˆOˆ(0, 0)
)
=
1
Z
Tr
(
e−βHˆOˆ(0, 0)Oˆ(τ, x)
)
= ηGβ(τ, x)
Because of the implicit time ordering of the thermal two-point function
the last equality is valid with η = 1 for bosonic and η = −1 for fermionic
propagators. We have found our result showing that the thermal two-
point function must be periodic/anti-periodic in τ with period β.
Gβ(τ, x) = ηGβ(τ + β, x)
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Appendix IV: Proof of Schwarzian
identity
The identity which we are going to proof is
{ f (g(τ)), τ} = (g′(τ))2{ f , g}+ {g, τ}.
This is not hard just a tad tedious. All you need is the chain and product
rule. Observe that
{ f (g(τ)), τ} =
d3 f (g(τ))
dτ3
d f (g(τ))
dτ
− 3
2
 d2 f (g(τ))dτ2
d f (g(τ))
dτ
2 .
Lets call d fdg = f
′ and dgdτ = g
′ so that
d f (g(τ))
dτ
=
d f
dg
dg
dτ
= f ′g′
,
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d2 f (g(τ))
dτ2
=
1
dτ
(
d f
dg
dg
dτ
)
=
d
dg
(
d f
dτ
)
dg
dτ
+
d f
dg
dg2
dτ2
=
d
dg
(
d f
dg
dg
dτ
)
dg
dτ
+
d f
dg
dg2
dτ2
=
d2 f
dg2
(
dg
dτ
)2
+
d f
dg
dg2
dτ2
= (g′)2 f ′′ + f ′g′′
and
d3 f (g(τ))
dτ3
=
d
dτ
(
d2 f
dg2
(
dg
dτ
)2
+
d f
dg
dg2
dτ2
)
=
d
dτ
(
d2 f
dg2
)(
dg
dτ
)2
+ 2
dg
dτ
d2g
dτ2
d2 f
dg2
+
d
dτ
(
d f
dg
)
dg2
dτ2
+
d f
dg
dg3
dτ3
=
d3 f
dg3
(
dg
dτ
)3
+ 3
dg
dτ
d2g
dτ2
d2 f
dg2
+
d f
dg
dg3
dτ3
= (g′)3 f ′′′ + 3g′g′′ f ′′ + f ′g′′′.
We are now able to write
{ f (g(τ)), τ} = (g
′)3 f ′′′ + 3g′g′′ f ′′ + f ′g′′′
f ′g′
− 3
2
(
(g′)2 f ′′ + f ′g′′
f ′g′
)2
= (g′)2 f
′′′
f ′
+ 3
g′′ f ′′
f ′
+
g′′′
g′
− 3
2
(g′)2
(
f ′′
f ′
)2
− 3 g
′′ f ′′
f ′
− 3
2
(
g′′
g′
)2
= (g′)2
[
f ′′′
f ′
− 3
2
(
f ′′
f ′
)2]
+
g′′′
g′
− 3
2
(
g′′
g′
)2
= (g′(τ))2{ f , g}+ {g, τ}.
Which is what we wanted to proof.
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Appendix V: Current operator
complex SYK chain
In the interest of making this appendix self contained we will again in-
troduce the needed notation and particular SYK chain of interest. The
notation that will be used is as follows
CK = ck1ck2 ...ckp (E.1)
C†I = c
†
i1c
†
i2 ...c
†
ip (E.2)
Here p = q2 . A notation that also comes in handy:
CKl =
CK
ckl
(E.3)
C†Il =
CI
cil
(E.4)
And lastly
∑
I;K
= ∑
1≤i1<i2<...<ip≤N,
1≤k1<k2<...<kp≤N
(E.5)
For the complex SYK chain of interest containing L sites the Hamiltonian
reads:
H = HSYK + Hhop (E.6)
where
HSYK = ∑
x=1
∑
I;K
JI;K,xC†I,xCK,x (E.7)
Version of May 12, 2020– Created May 12, 2020 - 12:01
69
70 Appendix V: Current operator complex SYK chain
and
Hhop =
L
∑
x=1
∑
I;K
(
J′I;K,xC
†
I,xCK,x+1 + J
′∗
I;K,xC
†
K,x+1CI,x
)
(E.8)
The number density operator is given by
Q =
1
N ∑i
c†i,xci,x −
1
2
. (E.9)
Note that ∂τQ = i∂x Ix this means that since we have a discrete chain that
we need to solve e
h¯
[Hhop, Q] = i(Ix − Ix−1) (E.10)
for Ix (we have taken that the lattice constant a = 1 and we know that
[HSYK, Q] = 0). This means that we will need to calculate the commutator
of eq.(E.10).
e
h¯
[Hhop, Q] =
e
h¯N
L
∑
x=1
∑
I;K,j
[J′I;K,xC
†
I,xCK,x+1 + J
′∗
I;K,xC
†
K,x+1CI,x, c
†
j,ycj,y]
=
e
h¯N
L
∑
x=1
∑
I;K,j
(
J′I;K,x[C
†
I,xCK,x+1, c
†
j,ycj,y] + J
′∗
I;K,x[C
†
K,x+1CI,x, c
†
j,ycj,y]
)
(E.11)
note that
[C†K,x+1CI,x, c
†
j,ycj,y] = −[C†I,xCK,x+1, c†j,ycj,y]† (E.12)
So that we only need to calculate [C†I,xCK,x+1, c
†
j,ycj,y] which we will do
now:
[C†I,xCK,x+1, c
†
j,ycj,y] =C
†
I,x[CK,x+1, c
†
j,y]cj,y + [C
†
I,x, c
†
j,y]CK,x+1cj,y
+ c†j,yC
†
I,x[CK,x+1, cj,y] + c
†
j,y[C
†
I,x, cj,y]CK,x+1
(E.13)
calculating these commutators we find
[CK,x+1, c†j,y] = ((−1)p − 1) c†j,yCK,x+1 + δy,x+1
p
∑
l=1
(−1)l−1δjkp−(l−1)CKp−(l−1),x+1
[C†I,x, c
†
j,y] = ((−1)p − 1) c†j,yC†I,x
[CK,x+1, cj,y] = ((−1)p − 1) cj,yC†K,x+1
[C†I,x, cj,y] = ((−1)p − 1) cj,yC†I,x + δyx
p
∑
l=1
(−1)lδjil C†Il ,x
(E.14)
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These are all the commutators we need to calculate. Inserting eq.(E.14)
back in to eq.(E.13) and using the relation stated in eq.(E.12) we can write
eq.(E.11) as
e
h¯
[Hhop, Q] =
ep
h¯N ∑I;K
(
J′I;K,y−1C
†
I,y−1CK,y − J′I;K,yC†I,yCK,y+1 − J′∗I;K,y−1C†K,yCI,y−1 + J′∗I;K,yC†K,y+1CI,y
)
(E.15)
after summing out some indices. This in turn results in
Ix =
iep
h¯N ∑I;K
(
J′I;K,xC
†
I,xCK,x+1 − J′∗I;K,xC†K,x+1CI,x
)
. (E.16)
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